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The Gaussian interference channel models the situation of multiple mutually
interfering point-to-point communications over a shared medium with additive
Gaussian noise. For such a setting, a quantity of interest is the set of message-
rates at which one can communicate reliably, or also called the capacity region. In
this thesis we focus exclusively on the two sender-receiver pair case. The primary
research questions tackled in this thesis concern the evaluation of and determin-
ing the optimality of the Han—Kobayashi achievable region for this setting. A
key difficulty arises from the non-convex nature of the optimization problem as-
sociated with computing the Han—Kobayashi achievable region, even restricted to
Gaussian input distributions.

In this thesis, we show that the multi-letter extensions of the Han—Kobayashi
achievable region with Gaussian input distributions do not improve on the single-
letter case. A second contribution of this thesis is the formulation of a conjecture
concerning the Gaussian extremality of a functional, that would imply that the
Han—Kobayashi achievable region with Gaussian input distributions will match
the capacity region for the Gaussian Z-interference channel. Finally, we establish
the above conjecture for some parameters which then implies the optimality of
the Han—Kobayashi achievable region for a collection of weighted sum-rates for

the Gaussian Z-interference channel.
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Notations

Here we describe the notations used in this thesis.

e A := B means A is defined as B.

e R is the set of real numbers and R" is the n-dimensional Euclidean space

(n > 1). Elements of R™ are column vectors.
e ||z|| denotes the Euclidean norm of a real vector z.
e (z,y) denotes the Euclidean inner product of real vectors = and y.

o AT denotes the transpose of a matrix A, tr(A) denotes its trace, and |A|
denotes its determinant. A > 0 means A is positive semidefinite. A = B
means A — B > 0.

e The cardinality of a set S is denoted by |S].

e Random variables in general are denoted by uppercase letters (e.g. X, Y, Z, ...
and their realizations by lowercase letters (e.g. x,y,z,...). The sets in

which random variables take values are denoted by uppercase calligraphic
letters (e.g. X, YV, Z,...).

e Vector random variables are denoted by uppercase boldface letters (e.g.

X,Y,Z,...)and their realizations by lowercase boldface letters (e.g. x,y,z,...).

e X7 denotes the tuple (X;, X;41,...,X;) for i < j. We may omit the sub-
script when it is 1, i.e., X/ = (X1, X, ..., X;). When it is clear from the
context, we may denote the tuple (X;1, X, ..., X)) by X[

e p(y|x) is a collection of distributions on Y, one for every z € X
e X ~ p(z) means X follows the distribution p(z).

e X ~ N(u,K) means X is a Gaussian random variable with mean x and

covariance matrix (or variance) K.

vi



X; = Xo = -+ = X, (n > 3) forms a Markov chain if p(z1,xs, ..., 2,) =
p(x1)p(zalmy) . p(2n|T01).

h(X) is the differential entropy of X. h(X|Y) is the conditional differential
entropy of X given Y.

I(X;Y) is the mutual information of X and Y. I(X;Y|Z) is the conditional

mutual information of X and Y given Z.
P(FE) is the probability of event E.

E[X] is the expectation (also called mean) of X. E[X|Y] is the conditional

expectation of X given Y.

Cov(X) := E[(X — E[X])(X — E[X])T] is the covariance matrix of X.
Cov(X]|U) is the conditional covariance matrix of X given U, defined as
Cov(X|U) := E[(X — E[X|U])(X — E[X|U])T|U].

C.[f(x)] is the upper concave envelope of the functional f, defined as in
Definition 4.1.

RHK is the n-letter extension of the Han—Kobayashi achievable region for

an interference channel, defined as in Definition 1.2.

RHK-GS ig the HanKobayashi achievable region with Gaussian inputs for
a Gaussian interference channel, defined as in Definition 1.3. RIS is its

n-letter extension, defined as in Definition 1.4.
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Chapter 1
Introduction

As a natural extension to Shannon’s groundbreaking theory of the quantitative
treatment of point-to-point communication [Sha48], the field of network informa-
tion theory [EGK11] studies the fundamental limits on information flow in multi-
user communication networks. Classical mathematical models of fundamental
multi-terminal communication settings including the multiple-access channel, the
broadcast channel and the interference channel have been proposed as early as
in the 70s. Thanks to technological advancements, in particular the advent of
wireless communications, interest in the field boomed as the demand for high-
throughput wireless communications soared in the mid-90s. Network information
theory often deals with the capacities of network models abstracted from practi-
cal scenarios as well as practical coding schemes that approach the fundamental
limits. Apart from mathematical curiosity, understanding the structures behind
these limits has given insights on implementing efficient coding schemes in real-

world networks.

There is not yet a general theory: While the point-to-point communication
setting has been well-studied since the time of Shannon, most of the fundamental
problems in multi-user communications settings nevertheless remain unsolved.
This thesis focuses on the Gaussian interference channel, which is a model com-
monly encountered in wireless communications. This abstracts a communica-
tion setting where multiple point-to-point links suffer from crosstalk from each
other and noise from the environment. This thesis focuses exclusively on the two
sender-receiver pair case. The study of this setting dates back to the mid-70s,
however there is yet a computable characterization of the set of data rates that
allows reliable communications, or also called the capacity region, for the general
case. Nevertheless, there is a promising candidate for the capacity region, namely,
the Han—Kobayashi achievable region with Gaussian inputs, whose optimality, if

shown, would solve the long-standing fundamental open problem. This thesis in-



vestigates the optimality of the Han—Kobayashi achievable region with Gaussian
inputs for the two-sender-receiver-pair Gaussian interference channel. The results
in this thesis provide evidence suggesting the optimality of the Han—Kobayashi
achievable region with Gaussian inputs. For the one-sided interference setting
this thesis conjectures an information inequality, whose veracity would imply the
optimality of the Han—Kobayashi achievable region with Gaussian inputs for this
setting. Furthermore, this thesis establishes the above conjecture in certain non-
trivial parameter regimes which also provide new results regarding the capacity

region for the above setting.

1.1 Interference channel

The interference channel as first introduced by Ahlswede [Ahl74] is the classical
model for the scenario of two mutually interfering point-to-point communications
over a shared medium. A discrete memoryless interference channel consists of
two sets of input alphabets X}, X5, two sets of output alphabets )i, ), and a
stochastic map p(y1, ya|x1, o) from Xy X Xy to Yy X Vs.

X7 vy

M, —— Encoder 1 Decoder 1 — M,

p(ylay2|xlv$2)

My ——{ Encoder 2 Decoder 2 — M,
Xp Yy

Figure 1.1: A discrete memoryless interference channel

As shown in Figure 1.1, in a communication scenario, a transmitter wishes
to send a message M; to its receiver, whilst another transmitter wishes to send
a message Ms, independent of M, to its receiver, and both communications use
a shared medium. Both transmitters respectively encode their messages into the
codewords X7 € A" and X} € A} which are then sent over the channel, and the
receivers respectively decode the received vectors Y" € VJ' and Y;' € VJ they see
at the receiving sides to recover the messages.

We adopt the standard definition of achievable rates and capacity region.
The reader is referred to [EGK11] for the standard notions of network informa-
tion theory. A (2" 2" p) code for the interference channel consists of two
message sets M; := {1,2,...,|2"% |} (where [x] denotes the largest integer

< z), two encoding functions Enc; : M; — A and two decoding func-



tions Dec; : Y — M;, where i = 1,2. For a (2"%1 2n%2 p) code, the average

probability of error is defined by
Pe(n) = P(M1 7é Ml or M2 7é Mg),

where the pair of transmitted messages (M, Ms) is assumed to be uniformly
distributed over M x My, X := Enc;(M;) is the codeword sent by transmitter
i, and M; := Dec;(Y;") is the decoded message at receiver i (i = 1,2), where the

received vectors Y}", Y5" follow the distribution

n

(VY8 ~ [ (s, vaslea, wa))-

j=1
A rate pair (R, Ry) € R%, is achievable if there exists a sequence of (2", 2"/ n)
codes whose average probability of error goes to 0 as n goes to infinity. A subset
of RQZO is an achievable region if it is the closure of a set consisting of achiev-
able rate pairs. The capacity region is defined to be the closure of the set of

all achievable rate pairs.

1.1.1 Han—Kobayashi achievable region

The best achievable region known for a general discrete memoryless interference
channel is given by Han and Kobayashi [HK81]. However it has been shown
INXY15] that there is some discrete memoryless interference channel for which
the Han—Kobayashi achievable region is strictly contained in the capacity re-
gion, which was shown by establishing the strict inclusion of single-letter Han—
Kobayashi achievable region inside its multi-letter extension. It is known that
the limit of multi-letter extension of the Han—Kobayashi achievable region is the

capacity region, as shown in Proposition 1.1.

Definition 1.1. The Han—Kobayashi achievable region of a discrete mem-
oryless interference channel p(y1,yz|x1,x2) is the set of rate pairs (Ry, Ry) such
that

Ry < I(Xy:i|Us, Q), (1.1a)

Ry < I(Xy: Va|U1, Q), (1.1b)
Ry + Ry < I(Us, X13Y1|Q) + I(Xo: Ya|Uy, Us, Q), (1.1¢)
Ry + Ry < I(Uy, X5; Y2|Q) + I(X1; Y1|UL, Us, Q), (1.1d)
Ry + Ry < I(Us, X1; VAU, Q) + I(Uy, Xo: Ya|Us, Q), (1.1e)
ORy + Ry < I(Uy, X1: Y1|Q) + I(Xy: Yi|Uh, Un, Q) + I(Uh, Xo: Ya|Un, Q), (L.16)
Ry + 2Ry < I(U, X2; Y2|Q) + (X2 Yo |Uy, Uz, Q) + I(Uz, Xi; 1|01, Q) (1.1g)

for some p(q)p(m, x1|q)p(uQ, x2|q).



Theorem 1.1 (|[HK81|, Theorem 6.4 of [EGK11]). The Han-Kobayashi achiev-
able region of a discrete memoryless interference channel, defined as in Definition

1.1, is an achievable region.

Definition 1.2. Let n > 1. The n-letter extension of the Han—Kobayashi
achievable region, denoted by REX, for an interference channel is the set of rate
pairs (Ry, Re) such that (nRy,nRy) is in the Han—Kobayashi achievable region of
the interference channel obtained by taking n independent copies of the original

interference channel.

Proposition 1.1. For an interference channel, the closure of |J;, RE¥ is the

capacity region.

Proof. One can see by grouping channel uses into blocks of n time slots that
RIK vields an achievable region for the original interference channel for every
n > 1. So it suffices to show that the capacity region is contained inside the
closure of | J°7; RIX. A standard application of Fano’s inequality gives that for
any sequence of codebooks of rate (R, Rs), whose average probability of error
goes to zero, there exists two sequences ¢,, €/, of nonnegative real numbers such

that €,,€e, — 0 as n — oo and

1
Rl —€n S _[(X{z’}/ln>,
n

1
RQ - E;z S _](ng Y2n)7
n
which implies that (R; —¢,, Ry—¢,,) € RIX which can be seen by setting Uy, Uy, Q
to be constants in the equations (1.1). Hence every achievable rate pair is a limit

of sequence in (7~ | RIX. This completes the proof. O

A special case of interest for the interference channel is the Z-interference
channel, which is when only one of the two transmitter-receiver pairs suffer
from crosstalk from the other transmitter, or, without loss of generality, Y; is
independent of X5. For a Z-interference channel, the Han—Kobayashi achievable

region reduces to the following.

Proposition 1.2. The Han—Kobayashi achievable region of a discrete memoryless
Z-interference channel p(y;|x1)p(yz|x1,x2) is equal to the set of all rate pairs

(R1, R2) such that

RQ S I(XQa}/Q‘UhQ);
Ry + Ry < I(Uy, X2; Y2|Q) + I(X1; Y1|Ur, Q)

for some p(q)p(us, x1|q)p(z2lq).



1.2 (Gaussian interference channel

The Gaussian interference channel (GIC) as shown in Figure 1.2 is an in-
stance of an interference channel where the channel has additive Gaussian noise.

The general setting of a GIC is given by

Y1 =X, +b0Xo + 74,
}/2:X2+CLX1+ZQ,

where a,b > 0 are real constants, X;,Y; € R are the transmitted symbol at
transmitter ¢ and the received symbol at receiver i (i = 1,2), respectively,
and Zy,Zs ~ N(0,1) are standard scalar Gaussian random variables such that
X1, Xo, 2y, Zy are mutually independent. We assume the codebooks X7, X7 sat-

isfy the expected average power constraints

E[IXT?] < nPy,
E[IX3]) < nP,

where Py, P, > 0. The Gaussian Z-interference channel (GZIC) is the special
case of GIC where a > 0 and b = 0.

Zl NN(O,l)
X, H—n
a
b
ZQ NN(O,l)

Figure 1.2: Gaussian interference channel

The GIC has been actively studied since mid-70s. Carleial [Car75] first intro-
duced the GIC with expected average power constraints and showed that in the
regime of very strong interference (a > /1 + P, and b > /1 + P}) the capacity
region of GIC is the same as that without the interference. Sato [Sat81] gen-
eralized Carleial’s result by determining the capacity region of GIC with strong
interference to be the region requiring both transmitted messages to be decoded

at both receivers, and similarly for strong Z-interference. The best achievable
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region known for GIC is the Han-Kobayashi achievable region [HK81]. Deter-
mining a computable characterization of the capacity region of GIC for general

range of parameters has been a long-standing central open problem in the field.

1.2.1 Known results for capacity region of GIC

We summarize some known results for the capacity region of GIC.

(i) For strong interference (a,b > 1) the capacity region is known [Sat81] to
be the set of rate pairs (Ry, Ry) such that

1
R < 3 log(1+ Py),

1
R2 S 5 log(l + PQ),

1 1
Rl +R2 S min{ilog(l—l—azpl +P2)7§10g(1+P1 +b2P2)} .

This region is the same as requiring both transmitted messages to be de-

coded at both receivers.

(ii) For strong Z-interference (a > 1 and b = 0) the capacity region is known
[Sat81] to be the set of rate pairs (R, Rs) such that

1

R1 S 510g(1 + P1)7
1

R2 S §log(1 + PQ),

1
R1 + RQ S 510g(1 + a2P1 + P2)

This region is the same as requiring receiver 2 to decode both transmitted

messages.

(iii) For weak Z-interference (0 < a <1 and b = 0) the capacity region is the

same as mixed interference with b = % and the same a [Cos85a.

(iv) The capacity region has two extreme points, also called corner points,
respectively of the form (Ci, R3) and (R}, C), where C; := Llog(1 + F)
(1 = 1,2) is the interference-free point-to-point capacity and R;, Rj have

been determined for all ranges of parameters.

In the cases of mixed interference (0 < a <1 and b > 1), weak inter-
ference (0 <a <1and 0 < b<1)and weak Z-interference (0 < a <1

and b = 0) the corner points are:



Ry

%log(l + P)

R;
Rl 5 log(l -+ Pl)
o[B8 (1+22) ifb> /14 £(a? = 1) or b =0,
* =
%lo ( P1+1If;21 > otherwise.
o [hee (14 S5 i > /14 B (a2 = 1) or b =0,
2 T .
%10 <1 + lb +};31 ) otherwise.

Figure 1.3: Capacity region of GIC when a > 1 and (b > 1 or b = 0)

e Costa—Sato corner point [Sat81], [Cos85b]:

(Cr d10g (14 5 ) ) i >/ orb =0,

(RIJ RQ) - 9
<C’1, % log (1 + 1b+113321)) otherwise.

e Costa—Polyanskiy—Wu corner point [Cos85b|, [PW15]:

1 CL2P1
= =1 1 .

Note that in the case of weak interference these two corner points are es-

sentially the same due to symmetry, and in such case both corner points

are called Costa—Polyanskiy—Wu corner point.

These corner points have a rich history in the field. The extremality of the
former corner point for GIC with mixed interference is established by Costa
[Cos85a] as a consequence of a work of Sato [Sat81]|. Costa [Cos85a| first
claimed the extremality of the latter corner point via concavity of entropy
power. However Sason [Sas04] observed a gap (Lemma 1 of [Cos85b]) in
the finishing part of the proof. Polyanskiy and Wu [PW15] fixed the proof

7



of Lemma 1 of [Cos85b| using Talagrand’s HWI inequality [Tal96| and thus

established the extremality of the latter corner point.

Ry Costa—Polyanskiy—Wu

) / corner point
5 log(1+ P)

Costa—Sato
/ corner point
Ry
1 P 1 &
5 log(1 + erPl) 5 log(1+ Pp)
o B (14 ) ifb> /{8 orb =0,
2 =

5 log <1 - fjf ) otherwise.

Figure 1.4: Capacity region of GIC when 0 <a <1 and b >0

(v) For weak interference with a(1 + 0*P,) + b(1 + a®*P;) < 1, the treating-

interference-as-noise point

1 P 1 Py
=(=1 1+ ———= 1,21 1+ ——=
(R, R2) (2 og( + 1+b2P2> og( + 1+a2P1>)

achieves the maximum sum-rate R; + Ry [AV09; MKO09; SKC09|. Moreover,
there is a discontinuity of the slope of boundary of capacity region at this
point, as shown by [Bei+16] for the symmetric interference case, and the

extension of this result to the general case is given as Theorem 3.4.

1.2.2 Han—Kobayashi achievable region for GIC

For GIC, the Han—Kobayashi achievable region coincides with the capacity region
in the regimes of strong interference and strong Z-interference whilst whether the
regions coincide in general is unknown.

We consider the Han-Kobayashi achievable region with input distribution
restricted to be Gaussians. It is an open question whether the Han-Kobayashi

achievable region evaluated with Gaussian inputs, as defined in Definition 1.3,

8



Ry Costa—Polyanskiy—Wu

/ corner point
log(1+ ) / Maximum sum-rate point

Costa—Polyanskiy—Wu

) / corner point

a? 1
%log(l + %) %log (1 + 1+];§P2> 2 log(1+ Py)

Figure 1.5: Capacity region of GIC when a(1 + b*P) + b(1 + a*P;) < 1, showing

slope discontinuity at the maximum sum-rate point

matches the capacity region. It is known |[ETWO08| that the Hausdorff distance
(under L'-norm) between the capacity region and the Han—Kobayashi achievable

region with Gaussian inputs is at most 1, for all ranges of parameters.

Definition 1.3. The Han—Kobayashi achievable region with Gaussian in-
puts for GIC, denoted by RY5%S where GS stands for Gaussian signaling, is
the set of rate pairs (Ry, Rs) such that the inequalities (1.1) with X; := U; +V;
(i =1,2) hold for some p(q)p(ui|q)p(v1|q)p(uz|q)p(valq) such that the conditional
distributions p(u1|q), p(v1|q), p(ua|q), p(v2|q) are zero-mean Gaussian distributions

for each q, and that the power constraints

B [Ul2 + Vf] < P,
E[UF +Vy] <P

are satisfied.

As an attempt to disprove optimality, motivated by the result in [NXY15] in
which its authors establish the strict sub-optimality of Han—Kobayashi achievable
region for a certain interference channel by showing that the two-letter extension
of the Han—Kobayashi achievable region strictly improves on the single-letter
region, we naturally ask whether the same phenomenon happens for the Han—
Kobayashi achievable region with Gaussian inputs for GIC, for, if so, would con-
stitute a proof for the strict sub-optimality of this scheme. In Chapter 2 of this

thesis we will answer this question in the negative.
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Definition 1.4. Let n > 1. The n-letter extension of the Han—Kobayashi
achievable region with Gaussian inputs for GIC, denoted by RIS where

GS stands for Gaussian signaling, refers to the set of rate pairs (Ry, Rg) satisfying

Ry < —I(X1;Y,|Us,Q),

Ry < —I(X5;Y2|Uy,Q),
Ri+ Ry < — [I(Us, X1; Y4[Q) + [(X2; Y2[Uy, Uy, Q)]
Ry + Ry < — [I(Uy, X5, Y2[Q) + 1(X1; Y1 [Uy, Uy, Q)]
Ri+ Ry < — [I(Us, X1; Y1 |Uy, Q) + (U, X2; Y |Us, Q)]
2Ry + Ry < — [I(Ug, X1;Y1|Q) + 1(X1;Y1|Uy, Uy, Q) + I(Uq, Xo; Y5 |Up, Q)]

Ry + 2Ry < —[I(Uy, X5 Y2 Q) + 1(X2; Y2 Uy, Us, Q) + (U2, X4; Y4 |Uy, Q)] ,

SI—3|Rr3|—3|Rr3|—3|~3|+

where X; :=U; +V; (i = 1,2), for some p(q)p(ui|q)p(vi|q)p(uz|q)p(valq) such
that the conditional distributions p(uy|q), p(vi|q), p(us|q), p(va|q) are n-dimensional

zero-mean Gaussian distributions for each q, and that the power constraints

Eo [r (Cov(U1]Q) + Cov(V1[Q))] < nP,
Eg [tr (Cov(U,|Q) + Cov(V,1|Q))] < nPs

are satisfied.

On the other hand, a major obstacle hindering proving the optimality of
the Han—Kobayashi achievable region with Gaussian inputs is that time-sharing
between Gaussian distributions, or commonly called power control in the litera-
ture, is known to strictly improve on the achievable region with the time-sharing
variable @) being constant, as shown in [Cosll; CN12|. A naive application of
the previous techniques, either the monotone path argument [Sta59| or the ro-
tation/doubling based argument [GN14|, will only work if time-sharing did not
improve on the achievable region. Motivated by this observation, in Chapter 4
we propose a conjecture based on the Fenchel dual representation of the upper
concave envelope, which postulates that a particular family of optimization prob-
lems have Gaussian extremizers (without time-division). We then show that this
conjecture, if true, would imply the optimality of Gaussian inputs (with time-
sharing) for the Han—Kobayashi achievable region for GZIC and further that the
Han—Kobayashi achievable region matches the capacity region for GZIC. We also
establish this conjecture in some regimes, which provides an outer bound to the

slope of the capacity region at the Costa—Polyanskiy—Wu corner point.
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1.3 Structure of this thesis

In Chapter 2 we consider the Han—Kobayashi achievable region with Gaussian
inputs, that is, the region in Definition 1.3, and we show that any multi-letter ex-
tension, defined as in Definition 1.4, to the region, coincides with the single-letter
region. This result implies that if the multi-letter Han-Kobayashi achievable re-
gion is attained by Gaussian inputs then the single-letter region with Gaussian
inputs is the capacity region. This result first appeared in [NN19].

In Chapter 3 we consider two different settings. Firstly, for the Han—Kobayashi
achievable region with Gaussian inputs for GZIC, we give a necessary and suffi-
cient condition for a weighted sum-rate to be attained at the Costa—Sato corner
point, hence giving the slope of the region at the corner point. This result first ap-
peared in [CNN17]. Secondly, for the capacity region of GIC under the condition
a(14+0°Py) +b(1 +a*P;) < 1, we show that a collection of weighted sum-rates is
attained at the maximum sum-rate point, which is also the treating-interference-
as-noise point, implying a slope discontinuity at this point. This computation is
new in this thesis as a slight generalization of the result in [Bei+16].

In Chapter 4 we propose a conjecture concerning Gaussian extremality of a
functional. The chapter consists of two parts. In the first part we establish that
the conjecture implies optimality of Han—Kobayashi achievable region for GZIC.
This result first appeared in [Cos+20|. In the second part we show an information
inequality that establishes the conjecture in some regimes. This inequality also
implies that a collection of weighted sum-rates of the capacity region of GZIC is
attained at the Costa—Polyanskiy—Wu corner point, yielding an improved outer

bound for the slope at the corner point. This result first appeared in [GNN21].
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Chapter 2

Multi-letter extension of

Han—Kobayashi achievable region

for GIC

The main result of this chapter is Theorem 2.1, which says that the multi-letter
extension of the Han—Kobayashi achievable region with correlated vector Gaus-
sian inputs matches the single-letter region with scalar Gaussian inputs for the
GIC. The main ingredient of the proof is an inequality of Fiedler [Fie71] that
enables one to bound the determinant of a sum of Hermitian matrices in terms
of their eigenvalues and which generalizes the classical rearrangement inequality.
Application of Fiedler’s inequality yields upper bounds for each of the inequalities
characterizing the multi-letter region by suitable diagonal covariance matrices,

which in turn gives the single-letter region.

There have been attempts to study the local optimality of Gaussian distribu-
tions for the Han—Kobayashi achievable region with perturbations using Hermite
polynomials [AZ12] as well as using temporally correlated coding schemes. While
the former approach yielded interesting insights, so far the approach has not ex-
hibited any rate pair that lays outside the Han—Kobayashi achievable region with
Gaussian inputs. There have been some instances in network information theory
where multi-letter Gaussian schemes have been shown to match the single-letter
scheme, such as [CV93; Bei+16; CNN17|. The result of this chapter is a natural
extension of such results and deals with the Han-Kobayashi achievable region in

its entirety.

The result of this chapter first appeared in [NN19]. In a previous paper

[CNN17] we have shown the result for the special case of Z-interference.

Theorem 2.1. RIK-GS = RIK-CGS for anyn > 1.
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2.1 Proof of reduction of multi-letter region to

single-letter

Let X\;(A) denote the i-th (i > 1) smallest eigenvalue (counting multiplicity) of
a Hermitian matrix A. We first state some standard technical results that the

proof uses.

Theorem 2.2 (Fiedler [Fie7l]). Let A, B be n x n Hermitian matrices with
(Ai(A) +Xi(B)) < [A+ Bl < [T (A(A) + Aua—i(B)) -

1 i=1

Lemma 2.1. Let A, B be nxn Hermitian matrices with B = 0. Then \;(A+B) >
Xi(A) forall1 <i<n.

Proof. We have

dim V=3 ||z]|=1

> min max z*Ax
VCCr  zeV
dim V=i ||z[[=1

(; )‘Z(A)a

=

where (a) is an application of the Courant-Fischer-Weyl min-max principle and
(b) follows from B > 0. O

Proof of Theorem 2.1. From its definition we can write RIS more explicitly

as the set of rate pairs (Ry, Ry) satisfying

B )I + Kg + Ky, + Ky,
Ry <Eg |—log , (2.1a)
2n 1+ K|
1 I+ KE +KY + Ky
Ry <Eqg |—log , (2.1b)
2n 1+ K|
[ I+ KQ 4 K+ VKRS + PR,
R1+R2§EQ 2—10g 0
T )
|G+ ek,
+ —log : (2.1c)
2n 1+ kY,
1 )I + K¢, + Ky, + a?K¢, + a®Kg,
Rl +R2 S EQ —IOg
n

1+ kY,

13



’I+ Ky, + 0Ky,

+ —log

(2.1d)
2n 1+ 0K,

‘I+KQ +2KS, +b?KQ)

Ry + Ry < Eg 2—log ‘[ o
+ 1Ky,

’I+KQ +a? Ky, +a2KQ‘

+ —log

: (2.1e)
2n 1+ @K,

1+ K8, + K9, + 12K, + 1KY,

2R1 + R2 S EQ —10g
1+ 0K,

I+ K3, + P3|

1
+ —log
2n ‘] + b2K82

[+ K3, +a®Kg, + a?Ky,

1
+ —log

2.1f
- , (211)

1+ 2K,

‘1 + K2 + KS, +a?K8 + a?KQ,

Ri+ 2Ry < Eg —log
1+ @K,

I+ Ky, +a*Ky,

1
+ —log
2n ‘I—l—a”(el

I+ Ky +VKS + Ky,

1
+ —log

9.1
5 : (2.1g)

Ky,

for some p(q) and n x n positive semidefinite matrices Ky , Ky, , K, Ky, (de-
fined for every choice of Q = ¢) such that the power constraints

Bq [ir (K§, + K3,)] <nhi,

Bq [tr (K8, + K3,)] < nP

are satisfied. By a standard application of cardinality-bounding techniques it
suffices to consider |Q] < 9.

. o . . . q q q q
For any collection of n x n positive semidefinite matrices Ky, , Ky, Ky, Ky,
define

K, = diag ((N(EG, + K4 — MBS )Y
KY, = diag ({N(K¥)1)
K, = diag ({Mp1—i(KG, + K8) — Agi—i(K3)})

14



K%Q = diag ({)\n+1—i(ng2)}) )

where diag({a;}) indicates a diagonal matrix with diagonal entries ay,...,a,.
The positive semidefiniteness of KUI,KUQ follows from Lemma 2.1, and it is
obvious that k%l,R%Q are positive semidefinite. This choice of the matrices

f({ljl, f({l,l, K{]Jw f({’,2 has the following properties:

(i) The replacement is trace preserving, i.e.,

tr(K%l + K%l)
tr(K{IJ2 + K{I,Q)

tr(Kg, + KY)),
tr(Ky, + KY,).

(ii) The replacement preserves all the denominators of the terms in (2.1), i.e.,

1+ a2k, | = |1+ a*KY,

Y

1+ PKY,| = |1+ 02K,

(iii) The replacement cannot decrease the numerators of the terms in (2.1): For
any ¢, ¢; 2 0, (A, Ay) = (K3, KY,) or (K, + K3, K§, + KY,), and
(Ay, Ay) = (K{’,Q,f(%z) or (K, + Ky, K%Q + f(%), we have

[+ c1Ar + 2 4s| < H (14 c1Xi(Ar) + codng1-i(A2))

i=1

I+ ClAl + sziz ;

where the inequality follows from Theorem 2.2.

Therefore replacing (K¢, Ky, K, Ky,) by (K¢, K5, Kg,, KY,,) cannot de-
crease any of the right-hand sides of (2.1). This shows that RI¥GS can be
attained by further assuming that the covariance matrices K¢ , Ky, , K{,, K3,
are diagonal for every q.

When the matrices KY; , Ky , K{;,, Ky, are diagonal with diagonal entries
K (i), K3, (i), K, (1), K5, (i) (i = 1,...,n), respectively, observe that, for in-

stance, Wwe Call express

— Z P(Q=q) (% Z log (1+ K¢, (i) + K3, (i) + K, (i) + a°KYy, (i)))

[+ KQ, + Ky, +d*Kg, + d* Ky,

1

~ W (1 i i i i
=Y P(Q=(g,1)) (glog <1 + K9+ KUY 4 KD + GQK\(;Il)))
Q%
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1 ~ ~ ~ ~
=Eg [5 log <1 + Ko, + Ky, + d* K¢, + a2K81>] ,

where we have defined a new time-sharing variable Q taking values in Q X

{1,...,n} by setting P(Q = (¢,i)) :== 1 P(Q = ¢) as well as scalar variables
Kl(?f) := K, (1) and similarly for the others. Note that the last expression is an
expectation over scalar variables and corresponds to the expression in RIS,
All the other terms in (2.1) as well as the trace constraints can also be expressed
similarly. Now we can conclude the inclusion REK-GS C RIK-GS = Together with

the trivial inclusion RIK-GS C RHK-GS thig establishes Theorem 2.1. O
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Chapter 3
Optimality of weighted sum-rates

This chapter consists of two parts. In the first part we compute the slope of
Han—Kobayashi achievable region with Gaussian inputs for GZIC at the Costa—
Sato corner point, which is also the maximum sum-rate point. This result first
appeared in [CNN17]. The computation uses similar techniques as in an earlier
paper [CN16] in which its authors compute the slope of the same region at the
Costa—Polyanskiy—Wu corner point. In the second part we focus on the capacity
region of GIC under the condition a(14b?P,)+b(1+a?P;) < 1, which is a subclass
of the weak interference regime, and we establish the discontinuity of slope at the

maximum sum-rate point, which is also the treating-interference-as-noise point:

1 P1 1 P2
—(Z1og 1+ —2 ) g1+ —2)).
(R, Re) (2 og( +1+b2P2)’2 og( +1+a2P1))

This result slightly generalizes the computation in [Bei+16], where the authors

show the same result under symmetric interference condition.

3.1 Slope at maximum sum-rate point for Han—

Kobayashi achievable region with Gaussian in-
puts of GZIC

For the GZIC, consider the multi-letter Han-Kobayashi achievable region with
Gaussian inputs, RI¥G5 as defined in Definition 1.4. In view of Theorem 2.1,

this region is the same for all n > 1 and so it is the same as the single-letter

RHK—GS RHK—GS

region . Obviously contains the Costa—Sato corner point of the

capacity region. In this section we establish Theorem 3.1, which concerns the

RHK—GS

slope of around the Costa—Sato corner point.
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Theorem 3.1. For a GZIC, let A.riticar be the largest value of A > 1 such that

1 A P,
R ARy) = =log(1l + P, —1 1+ —. 3.1
(Rl;RZS)IGJ'gHK'GS( L AR) 2 og(l+ )+ 2 % ( 1 +a2P1> (3.

Then

2 2
Acm’tical = min { (1 @ P2)(1 ra Pl) ) )‘*} ’

a2P2(1 + Pl)

where \* is the unique positive solution of 1(\*) = 0, where

B P, B (1-— a®) Py
v =2 (Iog (1 1y a2P1> (1+a2P)(1+a?P, + P2>)

2Py (1+ P,
+10g(1— @’ P(l+ 1) )
(1 —|—a2P1)(1 +CZ2P1 —|—P2>
The region RI¥-G5 admits a reduction as given in Proposition 3.1 in a similar

manner to Proposition 1.2. To compute supp, p,erux-cs(R1 + ARy) for A > 1
we notice that R™C5 is a union of pentagons and (3.2b) and (3.2c) are the
only two tight constraints. We then parametrize Uy|g—, ~ N(0, (1 — o) K1),
Vilg=q ~ N(0,0,K1,), Xalg=q ~ N(0, Ky,), where Ki,, K5, > 0 and 0 < o, < 1
for each choice of ¢q. With this parametrization, the power constraints (3.3) read
Eg[Kig] < Py and Eg[Ksg| < P». Then

sup (R1 + ARs)
(Rl ,RQ)G'RHK‘GS

= sup (](U1,X2;Y2|Q)+](X1;3/1|U17Q)+()‘_1)](X2;Y2’U1;Q)>
p(q)p(u1lg)p(vilg)p(z2]q)
= sup (h(Xy + aU; 4+ aVy + Z5|Q) — h(aVy + Z5|Q)

p(q)p(u1lg)p(vi|g)p(z2]q)

+h(Vi + Z1|1Q) — h(Z1) + (A = 1) (h(X2 + aV1 + Z5|Q) — h(aV1 + Z,|Q)))

1
= s Eq|5log(l+a*Kiq + Kag)
p(9),K14,K2g,04 2
A 1+ CZ2CYQK1Q + KQQ 1 1+ OéQKlQ

21 -1
+ 2 8 1+ a?agKig + 2 o8 1+ a?agKig + Kag

= sup  Eg[fa(Kig, Kx)),
P(q),K1q,K2¢

where f) is defined as in Corollary 3.1. The supremum in the last line is subjected
to the power constraints and hence is evaluated to the value of upper concave
envelope of fy at (P, P»). This yields Corollary 3.1.

Proposition 3.1. The region RTXCS for GZIC is equal to the set of all rate
pairs (Ry, Re) such that

Ry < I(X1;Y1|Q), (3.2a)
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Ry < I(X; Ya|Uy, Q), (3.2b)
Ry + Ry < I(Uy, Xo; Y5|Q) + I(X1; Y1|Us, Q), (3.2¢)

where X1 := Uy + Vi, for some p(q)p(u1|q)p(vi|q)p(xa|q) such that the conditional
distributions p(uy|q), p(vi|q), p(x2|q) are zero-mean scalar Gaussian distributions

for each q, and that the power constraints

Eq [Cov(Uh]Q) + Cov(V1|Q)] < P, (3.3a)
Eq [Cov(X2|Q)] < P (3.3b)

are satisfied.

Corollary 3.1. For a GZIC, the value of Sup(g, g,)egux-cs(R1+ ARp) for A > 1
is equal to the upper concave envelope of the functional f\ evaluated at (Py, Py),

where

(@1, Q2) := %log(l +a*Q1 + Q2)

1 + GZOéQl + QQ 1 1+ O[Ql

A
21 =1
T 02135 (2 8 1+ a2a@) + 2 08 1+ a2aQ; + Qz)

Jor Q1,Q2 > 0.

Consider the functional fy defined in Corollary 3.1. By taking derivative with

respect to «, we get the first-order condition for the optimal value o* for a:

a*Q)2 1+ a*@

We then define the regions

9
Rl = {(Ql?@?) € R;O S 2 152—6;2_622}7
o . (1—a*+ Q2)(1+ad*Qy)
RZ _{(QhQQ)eRQZO)\S UI2Q2(1+Q1) }7
o . (1 —a®+ Q) (1 + a*Qy) 1 —a’®+Q,
R (@@ 2Ry B RG a < I

where R, R2, R3 correspond to the cases a* = 0, * = 1 and 0 < o* < 1,
respectively. This gives an explicit expression for fy:

4

Llog(1+a?Q1 + @Q2) + 252 log(14+ Q2)  if (Q1,Q2) € Ry,
5log(1+ %5-) + 3 log(1 + Q1) if (Q1,@2) € Ro,
fA<Q17Q2) = 1 140%Q1+0 A1 A
3log =557 + 25 log(A — 1) — 5 log A
+3 log I524Q2 1 Liog(1 — a?) if (Q1,Q2) € Ry.
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Now we compute the gradient and Hessian of f. In Ry,

Do fr — L
Q1Jx — 9 1+6L2Q1+Q27
1 1 A—-1 1
0, == + 7
T e 1
Hfy = (i(HaQQlﬁQz)? . 21 (1+a2Qi+§2_,2)12 1 ) ‘
2 (1+a2Q11+Q2)2 2 (1+a2Q1+Q2)? 2 (1+Q2)?
IIl RQ,
1 CLQ)\ a2)\ 1
8Q1f/\ =5 - + ,
2 1+G2Q1—|—Q2 1+G2Q1 1+Q1
A 1
0, ==
QQf)\ 21+CL2Q1—|—Q2’
l _a4>\ —I— (l4>\ - 1 _a2>\ 1
Hf — 2 \ (1+a2Q1+Q2)2 (1+a2Q1)2 (1+Q1)2 7 (1+a?Q1+0a)°
A —a?\ 1 S
2 (14+a?Q1+Q2)? 2 (11201 102)2
In Rg,
a’® 1
8Q1f)\

:51‘1‘@2@14‘@27

PRV S R W
PATHONTI+a2Q1+Qy Q2 1—a?+ Q)"

4 1 —a? 1

—a
_ | 2 (+a®Qi+@2)? 2 (1+02Q1+Q2)?
Hh=\e 1 = SR RIS R S
2 (14+a2Q14Q2)? 2 \ (1+a?2Q1+Q2)? ' Q3  (1-a?4Q2)?
By checking the values and gradients of f, at the boundaries, one can see that

fx is continuously differentiable on R2,.

For X slightly larger than (1_“;2J;ffi$;$2pl), we have (P, P») € R3. The func-

tion
Py

A
A= fA(Pl, Pg) — <§ log(l + T@QPI

)+ %log(l + P1)>

1—a?+P3)(1+a?Py)
P and has second

(1-a?+P)(1+aPy)
a2P2(1+P1)

is equal to 0 and has derivative equal to 0 at A = (

. So we have

derivative larger than 0 for A slightly larger than

A Py 1
Py, P —log(l + ———) + = log(1 + P

(1—a2+P2)(1+a2P1
(12P2(1+P1)

. —a? a? :
satisfy \ < a az;ffl)ﬁ;l) P or equivalently (P, P») € Rs.

Using Corollary 3.1 and Lemma 3.1, for any A > 1, (3.1) is equivalent to that
(P1, P2) € Ry and gy (Q1,Q2) attains global maximum at (P, P,), where g, is
defined by

1 a’ a’\ 1
(@1, Q) = (@1, @2) =3 (1 TP+ P, 1tatP 1 +P1) @

for A slightly larger than ). Thus any \ satisfying (3.1) must also
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1 A 0
2 1—|—CL2P1+P2 >

The proof of Theorem 3.1 is completed by analyzing the local behavior of g, and

isolating the local maxima.

Lemma 3.1. Let f be a real-valued function defined on some convex subset of
R™ (n > 1). Suppose f is differentiable at x € R™. Then Cf(x) = f(x) if and
only if f(-) — (Vf(x),-) attains global mazimum at x. Here Cf and V f denote

the upper concave envelope and gradient of f, respectively.

Proof. 1t suffices to show that Cf(z) < f(z) if and only if for all h we have
flz) > f(z +h) — (Vf(x),h). The "if" part is immediate, by taking upper
concave envelope with respect to h and then putting h = 0.

For the "only if" part, suppose on the contrary that there is ¢ > 0 and h # 0
such that

f@)+e< fle+h)—(V[(x)h).

By differentiability of f at z, for ||| small enough we have

€

|flz+¢) = fl@) = (Vf(z), O] < 2l I<]I-
Now, for any & € (0,1) we have
fx)>Cf(x)
Zé-Cf(x+h)+(1—5)-Cf(x—l;i(sh)
> (@ +h) + (1= 0)f( = Toh)
> Se+ 8 £(x) + (V (), 6h) + (1 — 6)f(z — %h).

Rearranging gives

@) 2 p et fa = g - (VHa)— )

) € )
> — — ———h
2 e 160 g |25
€ 0
= f(z) + 31_4’
for 6 small enough. This gives a contradiction. O]

Interior analysis
Lemma 3.2. Let A.iticq be defined as in Theorem 3.1. Then

(1—a2+P)(1+a*P) [ 1+a2P \°
a2P2(1—|—P1) ’ CL2<1—|—P1) .

)\critical S min {
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Proof. This is the condition that says (P, P5) € R and it is a local maximum

(1—a2+P2)(1+a2P1)
a2P2(1+P1)

2
Acritical < ( Lta’hy ) follows from |Hgx(Py, P2)| > 0. O

a2(1+P1)

of gx. Acitical < since (P, P;) € Ry, and the second condition

Lemma 3.3. 2There is mo local maximum of gy in the interior of R1 for any
14a’P
A< <a2(1+P1)> ’

Proof. Since g is concave in Ry, there is at most one local maximum in the

interior of R;. The first-order condition yields

a? 1 1 a\ ED) . 1
214+a2Q:+Qs 2\1+4+a?P+P, 1+a2P, 1+P )’

1 1 LA-1 1 A
214 a2Qq + Q- 2 14Qy 2\1+a2P+P)°
Solving for @)y gives

(1 + aQPI)(l + Pl)
Q2 = 1— L .
14+ P+ =

But in R we have \ > 17;22—52@2 Substituting for ()9 yields

1+CL2P1
- a4(1+P1)'

2
But we also have A < (alzﬁ‘iﬁi)) , implying a® > 1. This gives a contradiction.
[

Lemma 3.4. There are at most 2 local mazima of gy in the interior of Rs.

The value of g\ at both points is bounded from above by gx(Py, P2), when X\ <
( 1+a2P, )2
a2(1+p1) ) -

Proof. The first-order condition for local maximum yields

a’\ B a’\ N I a’\ B ED) N 1
1+a2Q1+Qy 14+a2Q, 1+Q, 1+a*P+P, 1+a?P, 1+P’
A A

14+ a2Q1+ Q2 1+a2P+ P’

whose solutions are given by

31
Cleplora)\2 -1
P

Q2= P+ a*(P1 — Q1),

where k = aﬁ&“jg) > 1. If £ > A, there is only one solution at (P, P,), so we

can assume k < \.
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Suppose (@1, Q2) is any solution to the above, then

é a*Q1 + Q2 é a*Qy B 1 o
214+ a2Q,+Qy  21+a2Q; 21+
A 1 A 1 1 1 1

— — — +_ — —
21—|—6L2Q1—|—Q2 21+G2Q1 21+Q1 2

- %gp (1+a*Q1+Q2) — %gp (14 a°Q1) + %g&(l + Q1) —

A A 1
:§¢(1+G2P1+P2)—5@(1—1—@2@1)4—5@(14—@1)__

(@1, Q2) = fA(Q1,Q2) —

= \(Q1,Q2) +

where ¢ (z) :=logz + L.
Now let (@1, @2) be the solution other than (P, P2). Then,

9A<P1; P2 - g)\(Qla Q2

(p(1+a*Qr) —p(1+a°P)) - <90

((-e) o o-ekr))
() ()

Differentiating with respect to A\ and simplifying gives

(1+Q1)—p(l1+P))
k

A
2\
A
2

O (9r(Pr, P2) = ga(Q1,Q2)) = % (10g (1 + kfi\:%) — k]i\:z)) .

This implies

O (9r(P1, P2) — ga(Q1,Q2)) <0

2
since A < (é?fjib) = k% and log(1 + ) <z for all z > 0. So

g)\(Ph P2) - g)\(Qla Qz) > gk2(P17P2) - 9k2(Q1;Q2) =0
and hence gx(Pr, P2) > gx(Q1,Q2). L

Lemma 3.5. There is no local mazximum of g, in the interior of Rs when A\ <
1+a2Py 2
a2(1+P1) .

Proof. The first-order condition for local maximum yields

a? B a\ a’\ N 1
1+a2Q1+Qs 14a?P+P, 1+a2P, 1+P°
1 1 A A

I1+a?1+Q2 Q2 1—-a2+Q: 1+a*P+ D5

Substituting the first equation into the second gives
QQ = CL2(1 + Pl),
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while the second-order condition |H fi(Q1,Q2)| > 0 is equivalent to

1—&2+Q2>2
AZ( Qs

. 1+CL2P1 2
N a2(1+P1) ’

which contradicts with that \ < (ag?lajg)) _

Thus the interior analysis shows that

A< min{(l —a+ B)(1 +a2P1)’ ( 1—|—a2P1)>2}

CL2P2(1+P1) CL2<1+P1

if and only if the value of g)(Q1,@2) at any interior local maximum is bounded

from above by g\(P1, P2) and (P, P») € Ry. The necessity follows from Lemma

3.3, 3.4, and 3.5 while sufficiency follows from Lemma 3.2.

Boundary analysis

The remaining cases are the boundaries ()1 = 0 and ) = 0. In this part, we
first establish that gy(Pi, P») > g\(Q1, @2) for any (Q)q,()2) on the boundaries if

and only if A is smaller than or equal to the upper bound in Lemma 3.2 and \*

in Theorem 3.1. Then in Lemma 3.9 we reduce the minimum of three terms to

that of two of them, yielding Acpitica; in Theorem 3.1.

Lemma 3.6.

log(14+ P) + 5 — 1 N ( 1+ a2P, >2
log(l—l—aQPl)—l—ﬁ—l a2(1+P1)

Proof. This is equivalent to
a‘p (Pr) — ¢ (a®P1) 20,
where o (x) := (1 +x)*log(1 + x) — (1 + z)z. Let
V(@) = ap(z) — p(a’z).

Note that

¢ (r) =2(1 + x)log(l + z) — =,
¢" (x) =2log(1 4+ z) + 1,

as well as
V'(x) = a'y (x) — d®¢' (a’x),
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1+z
14+ a2x —

V" (z) = a* - 2log

So 1(x) is convex when xz > 0 and ¢’(0) = 0. This implies that 1 is convex and
increasing on x > 0. Hence ¢(Py) > ¢(0) = 0. O

Lemma 3.7. Suppose

) 2 2 2
)\Smln (1 a—i—Pg)(l—i—aPl)? ].+CLP1 ‘
CL2P2(1+P1) a2(1+P1)

Then
a\(Pr, Po) > g;%gx(ov Q2).

Proof. We have

A 1

§1+CL2P1—|—P2Q2.

A
A (0,Q2) = §1og(1 +Q2) —

Note that gy (0, Q5) is concave in @, and is maximized at Qo = a>P; + P;. Since
(P, Py) € Ry we have
(P, P) — g;?gég/\(o» Q2)

= g\ (P1, Py) — gx(0,a*P; + P)

A 1 | 1
— 2 1og(1+a?P)+ ——— 1) + = (log(1+ P _1
2(%(+alﬂd+ﬁﬂ >+2(%(+1HE+R )

1og(1+P1)+ﬁ—1

which is > 0 if and only if A < g (11 a2 P1)+1+a12p1 — which is guaranteed by Lemma

3.6. [l

Lemma 3.8. Suppose

) 2 2 2
A < min (1-a —I—Pg)(1+aPl)7 1+a* P '
0,2P2(1 +P1) CL2(1 —I—Pl)

Then
IA(Pr, Py) > glé}ég,\(QhO)
if and only if X < X*, where \* is defined as in Theorem 3.1.

Proof. We have

1 1 a’\ a’\ 1
0) = - log(1 ~z -
9(@1,0) = 5 log(1+ Q1) 2C+ﬁa+g 1+a2Pl+1+Pl)Q1
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Note that g(Q1,0) is concave in )7 and is maximized when

I a’\ ED N 1
1+Q1_1+6L2P1+P2 1+6L2P1 1+P1

The right-hand side is between 0 and 1 since \ < (l_a;;failgfpl) and hence such

a maximizing ()1 > 0 always exists. After some manipulations, we can express

9A(P1, Py) — max g,(C1, 0)
1 P2 (1—61,2)P2
= (a(log {1+ —2 ) —
2( (Og( +].+CL2P1) (1+a2P1)(1—|—a2P1—|—P2)
a2P2(1—|—P1)
1 1-— A
+Og( (1+a2P1)(1+a2P1+P2))

1

where the function 1 is defined as in Theorem 3.1.

The function 1 is concave, is equal to 0 at 0, and has non-negative derivative
at 0. It follows that ¢)(A*) = 0 has a unique positive solution \*, ¥)(A) > 0 for
0 <A< A, and 9(A) < 0 for A > A*. Hence gx(Py, P») > maxg, >0 ga(@1,0) if
and only if A < \*. O]

Thus combining the interior and boundary analysis, we see that Acitica is the
minimum of three quantities, two of which is given by Lemma 3.2 and one given
by Lemma 3.8. Finally the proof of Theorem 3.1 is concluded by Lemma 3.9

which shows that one of the three quantities is redundant.
Lemma 3.9. The following holds:

2 2
mln{(l a —f—Pg)(l—f—aPl)’)\*}

a2P2(1 + Pl)

-+ P)1+a*P) [ 1+a2P \°
— min ) ’/\ 7
CL2P2(1+P1) CLQ(]_—I—Pl)

where X\* is defined as in Theorem 3.1.

2
Proof. 1t suffices to show that, if (l_a;;f?isrl;ipl) = (alz?figﬂ , or equivalently

a2(1+P1) a2(1+P1)
¥(-) is defined in Theorem 3.1.
Let 0 := J:—gpl and k := P Thep ¢ < % and £ > 1. We want to show

a2(1+P1)'
¥(k?) <0, that is,

2 2
Py < a®(1+ P)), then ( Lta?Py ) > \*. That is, ¢ (( 1+a?Py ) ) < 0, where

0 ko
2
<
k log(l—l—Q) k(k 1)0 1 +10g(1 1 0) <0,
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or equivalently

1 k6 k6
E (log(l+6)+ —— —1 — +1log(l— ——) | <o. 4
(Og( 0+ 15 )+(1+9+Og< 1+9))—0 (3-4)

The derivative of left-hand side of (3.4) with respect to 6 is equal to

oo 0k ko
1+02  (1+0)2k0—(1+0)

k20 1
(1+6) k0 — (1+0)
R 1—k
T 1+ 021+0— ko
<0.

Hence it suffices to establish (3.4) with # = 0. Note that the left-hand side of
(3.4) is equal to 0 when 6 = 0. So we are done. O

This completes the proof of Theorem 3.1.

3.2 Slope discontinuity at maximum sum-rate point
for a subset of GIC

The following Theorem 3.4 is an extension to Theorem 1 in [Bei+16|. In [Bei+16]
the authors showed the special case where the GIC has symmetric interference
(a = b and P, = P,) while a similar proof can also be applied to a subset of
the weak interference regime. The proof uses a genie-based outer bound [Liul6|,
originally developed in [Bei+ 16|, for discrete memoryless interference channels.
To complete the proof of Theorem 3.4 we will also need Corollary 3.2, which
follows from Theorem 3.3 (Theorem 1 of [GN14|, originally established in [LVO07])

concerning Gaussian optimality of a functional.

Theorem 3.2 (Theorem 2.1.1 of [Liul6]|). Consider a discrete memoryless inter-
ference channel p(y1, ya|x1, 22). Let T, Ty be any random variables such that the

joint distribution satisfies

P(Y1, Y2, t1, ta]x1, x2) = p(ta|z1)p(ta|x2)p(yr, Yalt, te, 21, z2),

and that the marginal distribution p(y1,ys|T1,z2) is consistent with the interfer-

ence channel. Then

sup (R + AR2) < sup (I(Xl;Tl,Yl) + M (Xo;T5,Y3)
(R1,Ra)eC p(z1)p(z2)

—+ Cp(xl)p(l’g)[](Xla T1|X27 TQ) - A](Xla }/2|X27 TQ)]
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- (I(Xl;T1|X2,T2) - )‘I(Xl; Y2|X2,T2))
+ Cp(xl)p(xg)[I(X27 T2|X17T1> - -[(X27 Y1|X17T1)]
- ([(X2;T2|X17T1) - ](XZ;YI‘XMTI)));

where C denotes the capacity region, and Cpz,)p(s)|-] denotes the upper concave

envelope evaluated with respect to the space of distributions p(xy)p(xs).

Theorem 3.3 (Theorem 1 of [GN14]). Let Zy,Z5 be independent n-dimensional
Gaussian random wvariables and let X > 1. Suppose K is an n X n positive
semidefinite matriz. Then the mazimization over distributions on (U,X), where
X is in R™ and (U, X),Zy,Zy are mutually independent,

(rlne)u% : (I(X; X +Z|U) = M(X; X +Zs|U)),
PﬁXXTﬁﬁK

is attained by some Gaussian X and constant U.
Corollary 3.2. Let X be a random variable in R™ and Zy,Zy be n-dimensional

Gaussian random variables such that X, Zi and Zo are mutually independent.
Let A\ > 1. Then

Cx [(X;X+Z1) = M(X; X +Zo)] < I(X5 X"+ Z4|U") — M[(X* X" + Zy|U),
where X* = U* + V* with U*, V* being independent n-dimensional zero-mean

Gaussian random variables, and E[X*X*"] = E[XXT].

Theorem 3.4. For a GIC with a(l1 4+ 0*P,) + b(1 + a*P;) < 1, for any A > 1
satisfying

ey (1 al+ P2 — (14 a*Py)?
= TR+ a?P)? + P(1—a(l+ 1PPy)))’

it holds that

A Pl 1 P2
su AR+ Ry) = zlog (1 4+ ——— | +zlog {1+ ——— |,
o O+ = 3108 (1 )+ s (1 e

where C denotes the capacity region.

Proof. Consider the GIC

Y =Xi +0Xy + 24,
Yo = Xo +aXy + 2y,

with power constraints E[X?] = P, (i = 1,2). Let 6,0, € R. We parameterize

the Gaussian noise as
Zl = ZH sin 81 + Z12 COS 91,
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ZQ = Z21 sin 92 + ZQQ COS 02,

where Z;; ~ N(0,1) (4,7 € {1,2}) are mutually independent standard scalar

Gaussian random variables. Define the auxiliary receivers

T, = X4 +mZi,
Ty = Xo + 1220,

and let

371 ‘= aXy + Zyy cos by,
ffg = bXQ + Zlg COS 91,

where 1y, 7, are defined by

_14+0*P
M= T 0,
1 + CI,2P1
Mo = —————F.
sin 6o

For ¢« = 1,2, let X be a zero-mean scalar Gaussian random variable such that
E[X??] = E[X?], and define Y;*, T, Y;* analogously as Y;,T},Y; by using X7, X3

(2

instead of X7, X5. Note that our choices of 7; and 7, ensures that X; — Y;* — T
and X; — Y, — T form Markov chains.

With our choice of T}, T, Theorem 3.2 gives that for any A > 1 and achievable
rate pair (R, Ry) for the GIC we have

AR+ Ry < sup  (M(X1;T1, Y1) + [(Xo; Tn, Ya)
p(z1)p(z2)
+Cx, [[(X1; Th) — 1(Xy; 571)] — ([(X1;Th) — I<X1;3>1))
+ Cox, [1(X2; To) — M (Xo; Va)] — (I(X2; To) — M (Xo; Y2))). (3.5)

If 0y, 05 satisty

a’n? < cos? Oy, (3.6)

V22 < cos? 6y, 3.7
2

or in other words 371, Y, are stochastically degraded versions of 17, Ts, respectively,
then the following holds:

o I(Xy;T)) — I(X;; Y1) is a concave functional in p(z).
e We have
M(X1; T, Y1) + 1(Xo; T, Vo) — (I( X T2) — )‘I(Xz;%))
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= ATy, Y1) + h(Y3|Ty) — h(Yy) — Alog(n; cos 6;)

= M(Y|T)) 4 h(Ya|Ty) + (A — DR(TY) + (h(Ty) — h(Y1)) — Mlog(n cos 6;)

< M(YT|TY) + h(Y5'|T5) + (A = DA(TY) + (h(T7) — h(Yy")) — Alog(m cos 61
= M(XT T YY) + (XG5 T35, Yy) = (1(X53T3) = M(X5:Y5)

NI YY) + 1(X5:Y5) — (L(X35T5) — M(X5:Y5),

where (a) follows from the maximum conditional differential entropy prop-

erty of Gaussians, and we have used (3.6) for the term h(T}) — h(Y7), and
(b) follows from the Markov chains X} — Y* — T} and X5 — Y5* — T5.

e By Corollary 3.2 we have
Cx [1(Xo; Tp) = (X3 Ya)] < I(X3: T3 |U5) — M (X355 Y5 |U3)

for some independent scalar Gaussian random variables Uj, V5" such that
X;=U5+ V5.

Hence (3.5) reduces to
ARy + Ry < M(X35 Y1) + (X3 ¥3) + max (M (U V2) = I(U5:T3) )

where Uy ~ N (0,aP,), X; ~ N(0,P)) and Xy = Us + V5 with V5 ~ N(0, (1 —
a)Py) independent of Us. The maximization is attained by o = 0 (i.e., Us is
trivial) if

cos? 0 — \b*n3
> 1. .
PBO—1) - (3:8)

Note that (3.8) automatically implies (3.7).
Now we choose 0; + 0, = 5. For A > 1 to satisfy (3.6), (3.7) and (3.8) it
suffices that

a(l +b*P,) < sin6y,
b2 Py(\ — 1) cos? 0, < cos* 0 — \b*(1 4+ a®Pp)2.

After some computation one can show that there exists ¢, satisfying these con-

ditions if
cos* 0; — b*(1 + a*Py)?
A< 1
- %?gﬂzf + b2 Py cos? 01 + b2(1 + a2P1)2)
a(14+b2 P2)<sin? 6;

o 1+ (1 —a(1+b2P2))2—b2(1+a2P1)2

(1 +a2P)? + P(1—a(l +02P)))’
This concludes the proof. O
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Chapter 4
A Gaussian extremality conjecture

In this chapter we propose the following Conjecture 4.1, which, if true, would
imply that the Han—Kobayashi achievable region for GZIC is attained by Gaus-
sian inputs (conditioned on the time-sharing variable Q), i.e., RIK = RIK-GS

Y

and in turn, together with Theorem 2.1, would imply that the single-letter Han—

Kobayashi achievable region with Gaussian inputs R G5 is a computable char-

acterization of the capacity region of GZIC.

Conjecture 4.1. Let A > 1, Ny > 0, and let ¥1,As = 0 be n X n matrices

(n > 1). The mazimum

(m)aE( : (A=Dh(Xo+ Xy +Z1 +Zs) + h(Xy +Z1) — A(Xy +Zy + Zy)
EfX21XZT]ﬁQA2

— tr(2; E[X:X1))),

where Zy ~ N(0,1), Zy ~ N (0, NoI) and Xy, Xa, Zy, Zy are random variables in
R™, is attained by Gaussian Xy and Xs.

This chapter has two main results:

(i) We show Theorem 4.1, which concerns a certain property that a matrix
functional has, via information-theoretic methods. The significance of this
result is that it bridges the gap between Conjecture 4.1 and the optimality
of Gaussian inputs for Han—Kobayashi achievable region of GZIC, as shown

in Proposition 4.3. This result first appeared in [Cos+20).

(ii) We then show an information inequality that establishes Conjecture 4.1 in
some regimes. This inequality also yields an outer bound for the slope at
the Costa—Polyanskiy-Wu corner point of capacity region of GZIC. This
result first appeared in [GNN21].
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Throughout this chapter we focus on the GZIC with weak interference (0 <
a < 1). We consider an equivalent formulation [Cos85b]| of the GZIC:

Yi :X1+Z1, (41&)
Yo=Xo+ X1+ 72+ Zs, (4.1b)

where Z; ~ N(0,1), Zy ~ N(0,Ny) (with N := &5 —1 and 0 < a < 1) and
X;,Y;, Z; (i = 1,2) are random variables in R, under the power constraints P
on X; and a—12P2 on X,. We also use the notations REK(Q;, Q) (respectively,
RUK-GS (), Q,)) to denote the n-letter extension of the Han—Kobayashi achiev-
able region (respectively, the region with Gaussian inputs) of this Z-interference

channel with expected average power constraints (J; on X; and ()2 on X5, where

Q1,Q2 > 0.

4.1 Prelimiaries

Upper concave envelope

Definition 4.1. The upper concave envelope C.[f(z)] of a functional f defined
on some locally convex Hausdorff real topological vector space is defined by one of

the many equivalent ways (cf. [Nail3]):
(i) C.[f(x)] :=inf{g(x) : g is a concave functional with g > f},
(ii) C,[f(x)] :=sup{ [ fdu: pu is a Borel probability measure with mean x},

(11i) C.[f(x)] := inf, (sup; (f(Z) — (o, Z)) + (o, x)), where the infimum is over
all linear functionals o, and (o, x) := «a(x) denotes the evaluation of o at

a point x.

Proof for equivalence of the definitions (i), (ii),(iii). Let 1, @2, ¢3 denote the func-

tionals in (i), (ii), (iii), respectively.

v1 < o By taking p to be the Dirac measure one can see o > f. It remains to
show concavity of ¢o. Let pq, o be Borel probability measures with means
x1, T, respectively, and let 0 < ¢ < 1. Then p := tuy + (1 — t)pe is a Borel

probability measure with mean tz; + (1 — ¢)z2. Hence

t/fdu1+(1—t)/fdu2:/fd,u§ pa(try + (1 —t)xs).
Taking supremum over py, s yields the result.

p1 > o Let g be a concave functional with ¢ > f and p be a Borel probability
measure with mean z. Jensen’s inequality gives g(x) > [gdu > [ fdp.
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1 < 3: For any linear functional « the function x — sup; (f(Z) — (o, %)) + (o, x)

bounds f from above and is affine (hence concave).

w1 > p3: It suffices that

o(0) 2 inf (sup (9(2)  (0,8) + {0}

T

for any x and concave functional g. This is an immediate consequence of

the Hahn—Banach separation theorem (e.g. Theorem 1’ of [Las96]).

A few lemmas

We state a few lemmas useful for proving Gaussian extremality.

e Lemma 4.1 is a well-known property called double Markovity (cf. Problem
16.25 of [CK11]).

e Lemma 4.2 relies on the fact that the characteristic function of a Gaussian

random variable vanishes nowhere.

e Lemma 4.3 follows from a characterization of Gaussian random variables
given by Ghurye and Olkin [GO62|, which was shown by solving a functional
equation, generalizing an earlier functional equation of Skitovich [Ski54],

satisfied by the characteristic functions.

e Lemma 4.4 is a form of the celebrated Prokhorov theorem in measure theory
which says that tight collections of distributions on R? are weakly sequen-

tially compact.

e Lemma 4.5 establishes weak continuity of the entropy functional under ad-

ditive Gaussian noise.

e Lemma 4.6 establishes weak continuity of upper concave envelope of weakly

continuous functional, under a bounded moment condition.

e Lemma 4.4, 4.5 and 4.6 are used to justify the existence of optimizing dis-
tributions for a class of optimization problems involving information func-
tionals, through standard techniques in Appendix II of [GN14]: The covari-
ance constraints gives tightness of measures and hence Prokhorov’s theorem
(Lemma 4.4) guarantees the existence of a weakly convergent sequence of

distributions whose value of the objective functional tends to the maximum,
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and Lemma 4.5 and 4.6 can be applied for our objective functional to es-
tablish its weak continuity, implying the limiting distribution attains the
maximum. In particular, in our proof, the lemmas ensure the existence of

maximizer in Proposition 4.1 and 4.5 (iii).

Lemma 4.1 (Double Markovity). Let @ be a random variable and let X, Y ,Z be
random variables in R™ such that for any q the conditional distribution p(X,y, z|q)

has everywhere non-zero density. Suppose
X—=(Y,Q)—=Z and Y — (X,Q)—Z
form Markov chains. Then
(X,Y) > Q—~Z
forms a Markov chain.

Proof. For any q,X,y,z, the given Markov chains imply

p(zlq,x) = p(zlg, x,y) = p(zlq,y)

and hence
p(zlq) = Ex[p(z|q, X)|Q = q]
= Ex[p(z|q,y)|Q = 4
= p(zlq,y)
= p(zlg, x,y)
as required. O

Lemma 4.2 (Proposition 2 of [GN14]). Let Xy, Xy be random variables in R"
and Zy,Zs be n-dimensional Gaussian random variables such that (Xq,Xz), Z4
and Zy are mutually independent. Suppose X1+ 721 and X9+ Zso are independent.
Then X1 and Xy are independent.

Lemma 4.3 (Corollary 3 of [GN14]). Let X, Xy be independent random variables
1 R™ such that X14+X5 and X1—Xy are independent. Then X1, Xy are Gaussians

having the same covariance matrix.

Lemma 4.4 (Prokhorov’s, Theorem 4 of [GN14]). Let {X,} be a sequence of
random variables in R? (d > 1). Suppose the sequence {X,} is tight, i.e., for any
€ > 0 there exists a compact subset K. of R? such that P(X,, € K.) < € for any

n. Then {X,} has a weakly convergent subsequence.
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Lemma 4.5 (Proposition 18 of |[GN14|). Let {X,} be a sequence of random
variables in R (d > 1) converging weakly to X*. Let Z ~ N(0,I) be a d-
dimensional Gaussian random variable independent of each X,, and X*. Suppose
there exists K = 0 such that EX*X*T] < K and E[X,X”] < K for alln. Then

(1) The distribution of X,, + Z weakly converges to that of X* + Z.
(1) The density of X,, + Z converges pointwise to that of X* + Z.
(111) WX, +Z) converges to h(X* + Z).

Lemma 4.6 (Proposition 21 of [GN14]). Let f be a real-valued functional defined
on the set of all Borel probability distributions on R (d > 1). Suppose f is
bounded and has the following property, P: for any sequence of distributions {X,,}
converging weakly to X* and satisfying inf.q sup, E[||X,]|"] < oo we have that
f(X,,) converges to f(X*). Then the upper concave envelope of f is also bounded
and has property P.

4.2 Conjecture 4.1 implies capacity region of GZIC

In this section we show Theorem 4.1, which constitutes a crucial step in the proof
of Proposition 4.3 which establishes that Conjecture 4.1 implies that for GZIC
the Han—Kobayashi achievable region with Gaussian inputs matches the capacity

region.

Theorem 4.1. Let A > 1 and Ny > 0. The functional g defined by

bk, Ky) = 21

lOg’Kg—i-Kl—f—I—FNQ[’
1 A
+§10g|K1+I\—§log|K1+I+N2]|, (4.2)
where Ky, Ko = 0 are n X n matrices (n > 1), satisfies

Cr, [Vo(Ky, Ky)] = max Va(Ky, Ky)
Ra<K

for any K1, Ky = 0.

Remark 4.1. For the scalar case Theorem 4.1 can be shown directly without
much effort by showing the following properties of the function a(Q1,Q2) for
scalar Q1, Qo > 0.

(1) Q1 ¥g(Q1,Q2) either is increasing on [0, +00), is decreasing on [0, +00),

or is increasing on [0,Q7) and decreasing on [Q7,+00) for some QF > 0,
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(ii) Dguoc(Qr, Qz) = 0 implies 03, ¥o(Q1, Qz) < 0,
(i) Timg, o0 ¥6(Q1, Q2) = 0.

However, for high-dimensional spaces it does not seem to admit a simple exten-
sion of the above argument especially since K1, Ko may not be simultaneously
diagonalizable. This necessitated us to come up with the different argument. This
technique adds to the list of linear algebra inequalities that have information-
theoretic proofs [DCT91].

Proof of Theorem 4.1. We first show the "<" side. For independent random vari-
ables X, X, in R"™ we denote
@Z)(Xl,Xg) = (/\ — ]_)h(XQ + X1 + Z1 + ZQ)
+ (X1 +Zy) — M(Xy +Zy + Zy), (4.3)
where Z; ~ N(0,1) and Zy ~ N (0, NoI) are independent with (X;,X5). Notice

that when X; ~ N (0, K;) for i = 1,2 one has (X1, X3) = g (K, Ks). Now fix
Ky = 0 and Xy ~ N(0, K5), and we have

—

Cr, [Ya(Ky1, Ky)| < o ax )EU1 [V(Xiley, X2)]
p\X1)p(u1]|X1
EXi1XT]=K,

Nasg

b N
Y ax (K1, Ka)

Kaz0
K=K
for any K7 > 0, where (a) holds since the right-hand side is concave in K; and
upper bounds 1 (K7, K3) (by taking U; to be constant and X; ~ N (0, K7)), and
(b) follows from Proposition 4.1.
Now we show the ">" side. Using the dual characterization of upper concave

envelope we get

Cic, [Va (K1, Ko)] = inf (Sup (wg(f(l,f(g) —tr(zlf(l)> —i—tr(ZlKl))

bl .
2 =xT K1z0

@ inf (Sup <¢G(K17K2) —tr(Elfﬁ)> +t1"(21K1)>

tho tho

2 sup 1nf (¢G(k1, KQ) — tr(Elkl) —+ tr(21K1)>
E130 2170
Z I}'laX wG(K17K2)
K10
K1=K)
for K7, K5 = 0, where (a) follows from the fact that
sup (¢G(R1, KQ) — tr(21k1)> = 400

K10

for any symmetric »; with 3 # 0. O
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Proposition 4.1. Let A > 1, let K1 = 0 be an n X n matriz and let Xq, 21, Z>

be independent Gaussian random variables in R™ (n > 1). Then the mazimum

max (()\— 1)h<X2+X1—|—Z1+Z2‘U1)
p(x1)p(u1]x1)
EX1XT]=K;

+ h(Xy + Z1|Uy) — A(Xy + Zy + Z5|Uy))
is attained by some zero-mean Gaussian Xy and constant random variable Uy .

Proof. By the translation-invariance of entropy we can without loss of generality
assume Xao, Z1, Zy are zero-mean Gaussians. For any distribution p(x;) on R”

denote
w(p(Xl)) = ()\ - 1>h(X2 -+ X1 -+ Zl -+ Zg) -+ h(Xl -+ Zl) — )\h(Xl + Zl -+ Z2)

where Xy ~ p(x;). Let p*(x1,u1) be a maximizer (existence of which can be
justified using Lemma 4.4, 4.5 and 4.6 through techniques in Appendix II of
[GN14]) for

v:=max Ey[Y(p(x1]U7))].
p(x1)p(u1lx1)
EX:XT]<K,

Assume without loss of generality that p*(x;|u;) has mean zero, or otherwise re-
place X; by X; — E[X;|U;], which indeed satisfies the constraint. To prove our
proposition it suffices to show that p*(x;|uy) is a Gaussian distribution with co-
variance matrix independent of choice of u;. We shall show this by a subadditivity
argument.

Define the random variables
(Xﬁ, U1, X1y, Upy) ~ p* (X751, Uil)p*(xim UT2)7
as well as
V2o V2 o

and U, := (Ufy,U;,). For i = 1,2 denote

Yy =Xy + 2y,
Yo = Xy + Zy; + Zy;,
Y3 = Xy + 2y + Zig; + Xy,

where (Xo;, Z1;, Zo;) are identically distributed with (Xg, Z1,Zy). We have
2v = Eyy, [ (p(x71|U11))] + Evg, [ (p(x72]U73))]
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= Eu, [¢¥(p(x11|U1)) + ¢ (p(x12|U1))]
= (A = DA(Ya1, Yao|Ur) + h(Y11, Yio|U1) — Ao(You, Yool U7)
= (A= D(h(Y31| Y52, Ur) + B(Y32| Y11, Ur) + (Y115 Y52[Un))

+ (h(Y11|Y32,U1) + h(Y12| Y11, U1) + 1(Y11; Y32 |UY))

— AMh(Yo1|Y32,Ur) + A(Yo|Y11,Un)

+ I(Y21; Y32 Ur) + 1(Y115 Yoo|Ur) — I(Ya1; Yoo|Uh))

= B[ (p(x11|Y 32, U1))] + E[¢(p(x12| Y11, U1))]

+ AL (Y115 Yso|Ur) = 1(Yo1; Yao|Ur) — I(Yi1; Yool Ur) + 1(Ya1; Yoo|Uh))

—
N

(b)
< 20 — M(Y11; Yoo  Yo1, Yo, Un),
where (a) can be shown by rotational invariance of entropy, and (b) follows from

I(Y11;Y32|Ur) — I(Y21; Y32 Ur) — 1(Y11; Yoo Ur) + I(Yor1; YaolUy)

© I(Y11; Y32|Ur) — I(Yo1: Yao|Ur) — I(Y11; Yoo, Yao|Ut) + 1(Yo1; Yoo, Yo |Un)

= —1(Y11; Y22 Y32, Ur) + 1(Yar1; Yoo | Y352, Up)

= —1(Y11, Yo1; Y22 Y32, Ur) + I (Yo1; Yoo Y32, Un)
= —1(Y11; Y22 Yo, Y3, Uh),

where (C) holds since Y32 — (Y227 Ul) — Y11 and Y32 — (Ygg, Ul) — Y21 form
Markov chains, and (d) holds since Yo — (Y11, Y32, U;) — Yoo forms a Markov
chain. Hence we have 1(Y11; Y22 Yo, Y32,U;) = 0 and so

Y — (Yor, Ys32,U1) = Yo
forms a Markov chain. Since we also have the Markov chain
Yor — (Y11, Y32, Ur) — Yo,
by Lemma 4.1 we obtain a Markov chain
(Y11, Yo1) = (Y32,U1) — Yoo
Again we also have the Markov chain
(Y11, Yo1) = (Yoo,U1) = Yo,
and hence by Lemma 4.1 we obtain a Markov chain
(Y11, Y91) = U — (Yo, Ya).

Lemma 4.2 yields the Markov chain Xy; — U; — X;2. Hence for any uj,, uj, we
have that X7, |us =ur, +XJo X5

*
Uly=uj, and Xll |U*

.« —ut, — Ur,=u;, are independent,
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which, by Lemma 4.3, in turn implies that p(x7, |u};) and p(x},|u},) are Gaussian
distributions having the same covariance matrix. Thus we can conclude that the

maximizing distribution (X, U;) ~ p*(xy, u;) must satisfy
X-1|U1:u1 ~ N(,uu“ Kl)
for some p,, € R™ and K, = 0. Finally p,, = 0 since p*(x1|uy) is zero-mean. [J

It can be shown that for A > 1 and ()1, Q> > 0 we have

max n(R; + A\Ry) =C, [ max X,, X }7 44
(R1,R2) ERTK(Q1,Q2) (7 2) Q1,Qz p(x1)p(x2) Ia(Xq, Xs) (4.4)
E[||X1[]*]<nQ1
E[[[X2[?)<nQ2

ma n(R; + ARy) =C [ ma: GSK’K} A5
(Rl’R2)€REK?éS(Q1,Q2) (s )= Cane tﬁéﬁ}% I B (4.5)
r 1)Sn@1
tr(K2)<nQ2

where

X4, Xo) = h(Xs + Xy + Zy + Zo) — h(Zy) + Cx, [¥(X1, X5)], (4.6)
1 .
UKy, Ky) = 3 log | Ky + Ky + I + NoI| + max ¢ (K, Ks), (4.7)
K1>0
klel

with 1, 1g defined by (4.3), (4.2), respectively.

One of the main difficulties in making a Gaussian extremality conjecture di-
rectly for the expression in (4.6) is that previous work has shown that Gaussian
signaling with non-trivial @) (or power control) can improve on Gaussian signal-
ing with a constant ). Hence, Conjecture 4.1 is obtained by utilizing a carefully
constructed dual functional.

As the reader will see the main difficulty in proving RIK(Py, P,) = REIKGS(P Py)
is to establish the upper bound

Cx, [¢(X1,X2)} < max we(Kl,Kﬂ

K1>0
Ki1=K;y

with K; = E[X;X?] (i = 1,2). While Conjecture 4.1 implies
Cx, W(Xl? X2)} < Ck, [@/JG(Kl, K2)}

as one can see in the proof of Proposition 4.3, there is still a missing link as it
is in general not true for all functionals ¢ that Cr, [¢(K1)] = maxg z <p, o(K).
However Theorem 4.1 says that K — ¢ (K7, K3) has such property, constituting
the key step towards Proposition 4.3.

Proposition 4.2. Let n > 1. The following are equivalent:
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(i) For any Py, Py > 0 it holds that

RgK(Pl,PQ) — REK_GS<P1, PQ)

(ii) For any A > 1 and oy, e > 0 it holds that

sup  (fa(X1, Xz) — ay B[ Xq[]*] — ag B[ Xz|*])
p(x1)p(x2)
< sup (YKL K) — agtr(Kq) — astr(Ky)),
K1,K2-0

where X1, Xy are in R", Ky, Ky are n xn matrices, and fx, f<° are defined
by (4.6), (4.7), respectively.

Proof. By (4.4) one has that for A > 1 and P, P, > 0,

max n(Ry + ARs)

(R1,R2)ERUK(Py,Py)

= inf ( sup (f)\(Xl, Xg) — Oéanl — Oégan) + ozlnpl + O[Q’I’LPQ)
a1,02€R \ 91,020, p(x1)p(x2)
E[||X1]*]<n@:
E[[[X2[?]<nQ2

= inf < sup (X, Xo) — a1 B[ X0 [*] = a2 E[| X2 )?]) + cnnPy + 04271P2>,
p(

ag,a22>0 x1)p(x2)

and similarly by (4.5),
max n(R; + ARy)
(Rl,RQ)ERIT_LIK—GS(Pl,PQ)

= inf ( sup (fSS(Kl, Ky) —agtr(Ky) — an tr(Kg)) +oanP; + agnP2>.

a1,0220 \ K1, K20

Note that this already gives that (ii) implies (i). Now assuming (i) we have
sup (f)\GS(K17K2) — 1 tI‘(Kl) — Q9 tI‘(KQ))
K1,K270

> max n(Ry + ARs) — a1nP; — aon Py

(R1,R2)ERHK-GS (P, Py)

Z max f)\<X1, Xg) — Cklnpl — OCQnPQ
p(x1)p(x2)

E[||X1[]?*]<nPy

E[|X2[?]<n P,

for any A > 1, P,,P, > 0 and a;,ay > 0. Finally, taking supremum over
Py, P, > 0 on the last step gives (ii). O

Proposition 4.3. Conjecture 4.1 implies that
RI(PL, Py) = RYCS(Py, By)
foranyn >1 and Py, P, > 0.
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Proof. We shall prove the proposition by showing that Conjecture 4.1 implies (ii)
of Proposition 4.2.
Conjecture 4.1 implies that for any i, As = 0 we have
sup (X4, Xs) - (S BX,XT)))

p(x1)p(x2)
E[X2XT]=<As

= s (va(K Ko) — t(S1K) — i Tan)
K1,K220, p1,u2€R™
Ko+popd <As

—  sup (¢G(K1,K2)—tr(lel)>
K1,K2>0
Ko=A>

= sup (@Dg(Kl,Ag) — tr(ElKl)>, (4.8)

K1>0

where the last equality is a consequence of the monotonicity of g (K7, K3) in Ks.
Then for any p(x;)p(x2) it holds that

Cx, [1(X1, X))

(a) N A A
< inf (SUP (¥(X1,X2) = E[XTE:X]) + E[X1T21X1]>

Z1720 N p(xy)
< inf ( sup (V(X1,Xo) — (31 E[X XT])) + tr(S E[X1X1T]>>
X120 p(X1)p(X2)

E[X2XT]=E[X,X]]

) op (Sup (z/;G(Kl,E[XQXQT])—tr(ZlK1)> —|—tr(ElE[X1X1T])>

2120 \ g0

9 inf <sup (¢G(K1,E[X2X2T])—tr(21K1)>+tr(21E[X1X1T]))
21:121T Ky1~0

@ Cr, [Ya (K1, EXoX5 )]

K1=E[X;X7]’

where (a) holds since the right-hand side is a concave functional in p(x) that upper
bounds ¥ (X, Xz), (b) follows from (4.8), (c) holds since the inner supremum
equals +oo for any symmetric X1 with ¥; % 0, and (d) is the dual characterization

of upper concave envelope. Now note also that for any p(x;)p(xsa),
1
h(Xy 4+ Xy +Zy +Zo) — W(Zy) < 5108 |E[XoX3] + E[X X{] + I + NoI|
and hence for any A > 1 and aq, as > 0 we have

sup  (fa(X1,Xz) — a1 B[ X4 [P] — az E[[| X2 |])

p(x1)p(x2)
1
S sup <§10g|K2+K1+]+N2.[| +CK1 [¢G(K1,K2)] —altI‘<K1) —agtI‘<K2)>
K1,K270
(;) sup (f)C\}S(Kl,Kg) — tI’(Kl) — (9 tI’(Kg))
K1,K270
as required, where (e) follows from (4.7) and Theorem 4.1. O
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4.3 Proof of Conjecture 4.1 in some regimes
In this section we present a proof of the following Theorem 4.2 which is an infor-
mation inequality that implies Conjecture 4.1 for some choices of parameters.

Theorem 4.2. Let Xy, Xo, 71,725 be mutually independent random variables in
R™ (n > 1) with Zy ~ N(0,N1I) and Zy ~ N(0,NoI), where Ny, Ny > 0.
Suppose
E[Xl] - E[Xg] - O,
E[[[X4[[?], E[[[Xal?] < oo
Then for any A\ > A1, where
Ny 1

27
Nl 1— Ni+N>
L B[||X2|2]+N1+N2

AN=Dh(Xo+ X1 +Z1 4+ Zs) + (X1 +Z1) — MN(Xy+Z1 + Zs)

we have

1
Remark 4.2. The following points are worth noting:

(i) The inequality is tight when X; = 0 and Xy ~ N(0, PI), for any P, > 0.
Hence it establishes Conjecture 4.1 for A > N1, Ay = Pyl and any choice of
¥ = 0.

(i) The inequality does not hold for

N, 1

14+ 2 .
SRR o T
TE(IX. 7]

This can be seen by setting Xo ~ N (0, PI) and Xy = €el, and taking
derivative of the left-hand side of the inequality with respect to € at e = 0.

(111) The inequality implies an outer bound to the slope of capacity region of GZIC

around the Costa—Polyanskiy—Wu corner point, as shown in Proposition 4.4.
Proposition 4.4. For a GZIC, for any X > X\, where

(1+P)(1—a*) (1+V1+ P)?
a2P2 P2 ’

)\22:1+

we have
a2P1
1+ B

1
sup (Ry+ ARy) = 3 log (1 +

A
) + = log(l1+ P,),
(R1,R2)eC 2

where C denotes the capacity region.
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Proof. We consider an equivalent formulation (4.1) of the GZIC. From Fano’s
inequality, any sequence of codebooks of rate (R;, Ry), whose average probability

of error goes to zero, must satisfy

R+ ARy — ¢,
1 n n n n
S_(I(X1§}/1)+AI<X2§}@))

(h(Y3") = h(Y'IXT) + (A = DAYS") + h(Y]") = A(Y5'] X))

(h(X3 + X7+ 21 + 23) = MZY)

SI—31~3

+AN=Dh(XS + X7+ 27+ Z3) + h(XT' + Z7) = A(XT + 27 + Z3))

(@) 1 P, 1 P 1 1

< 3 (log (E—Fpl-l-?) + (A —1)log <§—|—p> — Alog (?)>
1 a2P1 A

— Elog (1—1— 1—|—P2) +§10g(1+P2),

where €, — 0, (a) follows from upper bounding h(X5 + X]' + Z" + Z3) with the
value of a Gaussian with the same power, and the latter terms using Theorem
4.2, where we use A > \o. O

Outline of the proof of Theorem 4.2
The proof of Theorem 4.2 follows the following steps.

(i) We upper bound the left-hand side of (4.9) by a functional O, , obtained

by a relaxation of the optimization problem.

(ii) We show that O, , has Gaussian maximizers under certain covariance con-
straints. The proof employs the doubling technique developed by [GN14].
Instead of showing Gaussian optimality of O, , directly, we show that for
a perturbed functional @E\f’g), which possesses a strict subadditive property
as demonstrated in Lemma 4.7, giving the desired Markov chains for estab-
lishing Gaussian optimality. The Gaussian optimality of the unperturbed
functional ©, , then follows from uniform convergence as shown in Lemma
4.8.

Apart from Gaussian optimality, the doubling argument also gives the fol-
lowings:
e O,, is additive at the Gaussian maximizer, as shown in Proposition
4.5 (i).
e The maximum value of ©,, is concave in the power constraints, as

shown in Proposition 4.5 (ii).
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These properties are essential in the further reduction of the maximum

value of ©) ,.

(iii) We optimize O, (X1, X3) over Gaussian distributions to show that, for
large enough A, the maximizer in given by Xy being Gaussian with full power
and X; being constant. Further for this choice the value of O, ,(X;,X5)
matches the left-hand side of (4.9).

At the end of the section we state all the lemmas required for the proof of
Theorem 4.2.

Notation

Throughout the proof of Theorem 4.2 we shall use the following notations un-
less otherwise specified. Let Xy;, Xo; (i = 1,...,n) be random variables in R¢
(d > 1) and let V, W be random variables in arbitrary alphabet sets. The joint
distribution of (X7, X%, V, W) is arbitrary. For i = 1,...,n, let

Yy = Xyi + Za,

Ty := Xo; + Zn; + Zai,

Yo := Xoi + Xy + Zny + Zog; = To; + Xy,
where Zy; ~ N(0,N1I) and Zsy; ~ N(0, NoI) are Gaussian random variables in

R? mutually independent of each other and of (X7, X%, V,W). For any A > 1
and 0 < o < 1, on the set of distributions p(x})p(x%) define the functional

n n e n n
@/\,a(Xl , X3) = sup HA,a(Xl , X5V, W),
p(v,w|x} x3)
X7 —(V,W)—>X2
W—=V—=X5
X7 L(V,XE)

where

Or.0(XT, X5V, W)
= A= Da- IX5 Ty[V) + (A= D1 = a) - (Y3 W) = h(YT|W))
+ I+ A =D —a)) - (MYTX3, W) = h(Y5[X5, W),

and its perturbed version, for €,6 € R,

€,0 n n €0 n n
@E\,a)(X17X2) = sup 9§,Q)<X17X2 V,W),
p(v,w|x} x3)
Xr—=(V,W)—=X5
W—=V—=X5
X L(V,XZ)

where
0\ (X, X5V, W)
pWeY 14321%>
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= (A= Do IXg (D) V) + (A= 1)1 = a) - (VS [W) = h(YT[W))
(1 (A= 1)1 = a)) - (RT3, W) = h((YE)"|X5, W)
— ¢ (1(Xg5 ()" 4+ G V) + h(YIIW) + h(YT[V, W) )

where G;’s are independent Gaussian random variables of suitable dimension with

identity covariance matrix, and the perturbed variables are defined by
- 0 I Xy Z; Zo;
T} = G5
0 5[ XQZ' Zli Z2i
~ I I Xy Z; Zy;
Ygg) - i) (D) (2
0 5] XQZ' Zli Z2z
where Zy; ~ N(0,N;I) and Lioi ~ N (0, NoI) are Gaussian random variables in

R? mutually independent of each other and of (Z7, Z%, X7, X5, V, W).
Note that for e = § = 0 the functionals 9/(\575) and 0, , differ by only a constant

000 (X7, XE|V, W) = 0 o (X2, X5V, W) — h(Z + Z5).

,

Thus Qf\ff) can be viewed as a perburbation of ) , via both € and 9.

Proof of Theorem 4.2

Lemma 4.7. Let ¢,6 € R, A > 1 and 0 < o < 1. Fixz any distribution

p(x}, x5, v,w). Define the random variables

Vi = (V,(T9))), (4.10a)
n 7 (0)\i—
Wi = (W, Y, (Y37)7), (4.10b)
fori=1,...,n. Then we have the followings:

(i) It holds that

030 (X7, X5 |V, W)

3

—Ze (Xais Xl Vi, W) = 3 (14 (A= 1)(1 = @) I (Y35 X5V X0, Y, W2)
i=1

+ eI ((TY) 5T + Gil(TY) ! + G V)
e D (Y)Y Yy, W) 4+ e (D5 (V) Yl Y Vo)),
(1i) Suppose X} — (V,W) — X3 and W — V — XU form Markov chains and

X;l 1 (‘/’ Xg) Then XM — (V;,VVZ) — Xgi and Wz — ‘/z — Xgi fm’m
Markov chains and Xq; L (V;,Xg;) fori=1,....n
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Proof of Lemma 4.7 (i). The proof follows from putting the following calcula-

tions together, with (x) denoting application of chain rule and (f) denoting ap-
plication of Csiszar’s sum identity.

(i) We have

n. / n (8)\i—
[(Xp;(T ZJXQ, DTy v)

Z[ X2u (5) (5))1 1 V)

=Y X T,
1=1

where (a) holds since

X5\ = (g, (T9)) 1, V) > TY)
forms a Markov chain.
(ii) We have
R((YS)" W) = h(Y W)
O3 WXV W) = WY1l Yy W)
=1
2 i (AOYS 1Y)~ W) = (Y 3l Y0y, W)
=1

i— n d) ) \i—
HIOY) T Y Y ), W) = T(Y 0 YD I(Y )L W)

) v (0 n v (8)\i— n o (6)\i—
E5 T (YD Yy, (YL W) = (Y il Y0y, (Y1 W)
=1

—Z (h(Y5 W) = h(Y 1| W5).
(iii) We have

h(Y7 X3, W) — h((YS

2 )" X5, W)
() . n n
o Z (h<Y1i|X27Y1(i+1)v W) —h
i=1

(0 n /~r(0)\i—
(YR X3, (YD)~ W)

(ti) n n (0 n (0 i—
= Z (h(Y4:X5, Y70y, W) — (Y |X5, (V)W)

YO X5, (YL W) —

(*) n n 0)\i—
=Z( (Y0l X5, Yy, (YL W) —
=1

n 0)\i—
+I<Y (H—l I((Y( )> L le‘X 1(z+1) W))

n n 5 11—
WY S X5, Y0, (YL W)
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n

=3 (M(YulX3, W3) — h(Y5) | X5, W)
=1

®) Z (h(Y 13| Xa:, W;) — h<Y§f)|X2"’ wi)

i=1

+ (Y X0V X, Wi) — (Y i X5V [ Xoi, W3))

n

= Z (h(Y 15[ Xai, Wi) — h(YS) [Xoi, W;)

i=1

Y Z (R(Y 1 Xos, W;) — h(YS”X% W) — Z I(Y Xg\i|X2i,Y$), W),
=1

i=1

where (a) holds since
YO = (Y, Xoi, W) — X5V
forms a Markov chain.
(iv) Denoting So; := Tg? + G; we have

I(X3; (TS)" + G"|V)
= I(X5;85]V)

2 IX 8,185 V)
1=1

@ Z I(Xy;; SZilséila V)
i=1

- Z (1(Xai, 8571 Sas V) = I(S5 75 Sail V)

=1

2 Z (7(Xas, (T( )>Z LSu|V) — I(S518%(V))
=1

) ” i—l i—1. i1,

2N (1(Xawi Sl (T, V) + T(TE) 5 8lV) = 1(S5:82ilV)
=1

(©) Z(I(XZ’SQJ( )Z 1 V)—|—I((T )Z ! SZ L :S9i|V) _[(SZ g S22|V))
*)Z (Xoi: Sor| (TDY1 V) 4+ I((TY)) 1 S0s] S5, V)

DI T+ GV Y )T+ G - ey

i=1 i=1

where (a) holds since
X;\Z — (Xgi, Sé_l, V) — So;
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forms a Markov chain, (b) holds since
(T 71,8571 = (Xai, V) = S
forms a Markov chain, (c) holds since
Syt = ((T)7V) = Sy
forms a Markov chain.
(v) We have
h(YT[W)

) n
=) (YY), W)

i=1

® 3 n 7 (8) yi— o (0)\i— n
Z T (Y0l Y0y (V)L W) + I(YS) 5 Y4 Vi), W)
=1
7 (0)\i— n
=) (Yl W) + ) IV Y u Yy, W).
i=1 =1

(vi) We have
WYV, W)

(*) = n
=) (Y il Yy, V. W)
=1

*) . il (O
2 (Y0l Yy, (YL (T v, W)
=1
(0)\i— (0)\i— n
+ I (Y L YY), V. W)

n

(0)\i— (0)\i— n
=Y (Y lVi, Wa) + Y TS (YD) Y 0 Y, VLIV,

i=1 =1

Proof of Lemma 4.7 (ii). The Markov chain
XT = (V,IV) - X3
implies
(Xui, Vi) X0 = (VW) = (Xai, (T3))
which in turn implies
X1 = (V,W, Y1), X (Téé))i_l) — Xy
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. 8 X,
which, since Yéf) = Tg) + ( 01 > , is the same as

Xyi = (V, W, Yy, (V)7 (TP — Xy
or equivalently
Xy = (Vi, Wi) = X

Moreover, from both of the Markov chains in the assumption we have a Markov

chain
(W, X}) -V = X3
which implies
(W, Y00, X071 =V (X, (T57)7)
which in turn implies

(W, Y, X3 = (VA (TY)) = X
. . S(8) () D, CTA
which, since Y,,” = T, + L is the same as

(WY gy, (V37)H) = (V)7 = X
or equivalently
W; = Vi — Xo;.
Finally, Xy; L (V;, Xg;) is immediate from X7} L (V, X%). O

Lemma 4.8. Let A\ > 1 and 0 < o < 1. Letn > 1. Let D be any set of
distributions p(x})p(xy) such that E[||X7}|?] and E[||X%||?] are bounded. Then

lim sup - OF(XT,Xp) = sup  OVV(XT,X5).

(€,6)=(0,0) p(xm)p(x3)eD p(x?)p(x2)ED

Proof. By applying Lemma 4.9 one can show, after some computations, that

2 032 (X7, X5V, W) — 0ro (X5, X5V, W)| = O(|e] + 62).
p(x7,xT v,w
p(x] X5)ED
X7 (V,W)—=Xy
W—=V—=X%
X7 L(V.X3)

The result then follows from Lemma 4.10. O
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Proposition 4.5. Let A > 1 and 0 < o < 1. Let K14, Ko (i =1,...,n) be sets
of d x d matrices (d > 1). Denote

(n) . (€,9) n n
U(’C11,/C21),~~~,(/C1n,lc2n) T Sup @)\,a (Xl ) XQ)'
p(x1)p(xy)

BIX}]=E[X3]=0
Cov(X1;)EK1;, Cov(Xa;)EK2;

Then we have the followings:

(i) Let € >0 and 0 € R. Then

n
U(l) _ U(”)
(K14,K24) (K11,K21)5,(K1n , K2n) *
=1

(ii) Let € >0 and § € R. For any 0 <t <1 we have

1) 1) (1) 1)
Vi ko) + V(K12,K22) < Yk, ksy) T YKt Khy)7

where the sets of d x d matrices K4, Kby, Ky, Kby are defined by

’Cil = t’CH + (1 - t)lclg, ,Cél = t’Cgl + (1 - t)’CQQ,
Ky = (1 —t)Kq1 + tKi2, Kby = (1 — ) Koy + tKao.

(11i) Let € > 0 and § # 0, or let ¢ = 6 = 0. Suppose Ki,Ky are compact
convez sets of d X d matrices. Then there exists a mazimizer p*(X1, Xa, v, W)
for UEIIC)LICz) such that p*(x1|w), p*(x1|v,w) and p*(xa|v) are Gaussians with

covariance matrices independent of choice of v and w.

Proof of Proposition 4.5 (i). We shall first show

n

(1) (n)
Z U(KJMJC%) < U(’C11,K21),.--,(’C1n,/€2n)‘
=1

Suppose (X7, X5;, Vi*, W) are random variables satisfying the constraints of

U((ilc)u Kas)’ and are mutually independent among ¢ = 1,...,n. Then the random

variables defined by
(X?7 XS? V. W) = ((Xi)n? (X;)na (V*>n7 (W*)n)

satisfy the constraints of vé}?ﬂ7&1)““’(,@”7,@”), as well as

& €,0 * * * £ (@) €,0 n n n
D05 (X5 X5 Vi, W) 2050 (KT KBV, V) S 00 o (oo onny

=1

where (a) follows from the additivity of entropy for independent random variables.
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Now we show

1) (n)
ZU(’CMJC%) 2 U(/C11JC21) ----- (K1n,Kan)"
=1

Then

(a) & (b) &
€0 n n €,0 1
O3 (X3, XV, W) < D050 (X, Xaa| Vi, W) < D0 s
i=1 i=1
where V;, W; are defined by (4.10), (a) follows from Lemma 4.7 (i) and we have

used € > 0, and (b) holds since (Xy;, Xo;, Vi, W;) satisfies the constraints of

(1)

Uk ko) @S @ result of Lemma 4.7 (ii). O

Proof of Proposition 4.5 (ii). Suppose (X3, X5, V¥, W) are random variables

(2

satisfying the constraints of nglc)l,. Kai)? and are independent among ¢ = 1,2. Let

(V. W) = (V" V5), (WY, W3), (4.11a)
X\ VI VI—tI\ (X%,
o ) Y ) T

Xot\ [ VU VTt (X35 (4110
Xy )  \—vizir  vir ) \xy) e

It is immediate that the distribution of ((Xi1,X12), (Xo1, Xa2), V, W) satisfies
the assumption in Lemma 4.7 (ii) and hence the distribution of (Xy;, Xo;, Vi, W;),

where V;, W; are defined by (4.10), satisfies the constraints of oV

(Kt L) Now we

have
hcn (X310, X3, [ Vi, W) + 6 (X, X | V3, T15)
D0 (X1, Xa), (X3, X[V, W)
20D (Xu1, Xaa), (Xar, Xao) [V, W)
© 95\6,;3) (X1, Xo1| V1, Wh) +€§E§) (X2, Xoo| V2, W3)

J

WV WV
(1) (1)
v v
= t t — t t
(K11:K51) (K1g:K52)

— 1+ A=11=a)) I(Yi1; X9 Xo1, Y W7)
—(1+ A=D1 =) I(Yio; Xo1|Xoo, Y W5)

— el(TY:TY) + Go| TY) + Gy, V) — eI (Y Y| W)
— eI(TY Y |V, W)

) )
< Uk, k) T V0, kL) (4.12)

where (a) follows from the additivity of entropy for independent random variables,

(b) follows from rotational invariance of entropy, and (c) is established by Lemma
4.7 (1), O
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Proof of Proposition 4.5 (iii). The existence of maximizer can be justified using
Lemma 4.4, 4.5 and 4.6 through standard techniques in Appendix I of [GN14].

Now consider ¢ > 0 and 6 # 0. The proof follows the same lines of reason-
ing in the proof of Proposition 4.5 (ii), with the choice Ky; = K; and Ky =
Ky, from which we have K, = K; and K, = K; for any choice of ¢, since
K1, Ky are convex sets. Take two independent copies (X7, X3, V", W) and
(X5s, X359, V55, W) of a maximizer p*(x1, X2, v, w) for U((,IC)LKQ). With ¢ = £ define
(X141, X42), (Xa1,X92), V, W) as in (4.11). Following the steps in (4.12) we have

1 €,0 * * * * €,0 * * * *
2/0((IC)1,IC2) = eg,a)(Xlla lel‘/l ) Wl ) + eg,a)(le XQQH/Q ) W2 )
= ng’j)(Xn, Xo1| V1, W) + 9§f;f)(X12, Xz |Va, Wa)

(1) (1)
Sv(’cl K2) Sv(’Cl K2)

—(14+A=1)1=a)) I(Y11; X0 Xo1, Y W)
—(14+A=1)(1=a)) I(Y1i2;Xo1| X0, Y W)
— el (T T + Go| TS + G, V) — el (Y4 Yo | W)
— el(T5), Y3 Yool V. W)

< 2 -

Non-negativity of mutual information forces the Markov chains

TY) — (T5) + G1,V) = TS + Go, (4.13)
Y5 =W = Yo, (4.14)
(TS, YY) = (V,W) = Yo, (4.15)

where (4.13) together with the Markov chain
implies by double Markovity (Lemma 4.1) that
(TS, TS + G1) = V = TS + Gy (4.16)
forms a Markov chain. Using the fact that ¢ # 0, applying Lemma 4.2 to (4.16),
(4.14), (4.15), respectively, gives the Markov chains
Xgl -V = XQQ,
X11 - W — Xlg,
XH — (V, W) — X12,

which, by Lemma 4.3, imply that for any v}, vj, wj, wj each of the pairs of con-

ditional distributions

(X5

*
Vir=vlH X22 V=3 )7
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(XMl wr=ws s Xialwy=ws ),
(X7

*
Vi =op Wi =wf s X12| Vg =vg, Wy =w3)

consists of Gaussians with the same covariance matrix. Since v}, v, w], w5 are
arbitrary, we can conclude that p*(x;|w), p*(x1|v, w) and p*(x2|v) are Gaussians

with covariance matrices independent of choice of v and w.

Finally we show the case ¢ = § = 0. Let 17((,181 K2) be defined in the same

way as v((llc)h,@) but with the additional constraint that p(x}|w), p(x}|v,w) and

p(x5|v) are Gaussians with covariance matrices independent of choice of v and

w. Then we have 13&)1’,@) = v((llc)h,@) for ¢ > 0 and § # 0. One can take the limit

(6,6) — (0,0) and apply Lemma 4.8 to get the result. O

Proposition 4.6. Let A > 1 and 0 < a < 1. Let K1,y be compact convex sets
of d x d matrices (d > 1). Then

sup @/\,a(XbXZ) = sup g)\,a(A27 By, By, E);
E[)Z;(Ti)]g[(;2%_0 A27Bl7BQ,Cl7CQ,EERdXd
Cov(Xl)EllC_l,Coj()_(z)E]Cz A2’<§% BEQ>7(—C§T ;}f)io
B1+C1€K1, Ao+Bo+CoeKo
(4.17)
where
gA,a(AQ, By, By, E)
1
=5 (()\ ~1Da(log|As + NiT + NoI| —log [NyI + NoI|)
+ A =11 —a)(log|Bi + B + X+ ST + Ay + NI + Nol|
- log |B1 + leD
+(14+ A =1)(1 —a))(log|Bi — £(As + Bs)~'S" + Ny
—log| B —E(A2+BQ)*1ZT+N1[+NQI])). (4.18)

Proof. Denote the left-hand side and right-hand side of (4.17) by v, and wvg,
respectively.

We first show v, < vg. By Proposition 4.5 (iii) v admits a maximizing dis-
tribution (Xy, Xy, V, W) such that p(x;|w), p(x1|v, w) and p(xs|v) are Gaussians

with covariance matrices independent of choice of v and w. Let

Ay = E[Cov(X,|V)],

Biox = F [Cov X ‘W —00 ,
> B, X, 0 A,
Cy ;= Cov(X;) — By,
CQ = COV(XQ) - B2 — Ag.
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One can then verify

WXy +Zy + Zy|V) — h(Zy + Zy)

(@) 1
< 5 (log |Ag + NiI 4+ NylI| —log [N I + Nyll),

h(Xo + Xy + Zy + Zo|W) — h(Xy + Z,|W)
() 1
<3 (log|B1 4+ By + S+ X" + Ay + NiI + NoI| —log | By + Ni1|) ,

h(X1 + Z1 | X, W) — WXy + Zy + Zo| Xy, W)

(© 1

< 5 (log | E[Cov (X1 |Xg, W)] + N1 I| — log | E[Cov (X4 |Xg, W)] + NiI + NoI)
@1 —1T

< §(log |B; — 3(As + By) X" + Ny

—log |By — S(As + Bo) 'S 4+ N1 I + NoIJ),

where (a) holds since Xs|y—, is Gaussian of covariance A, for all v, (b) follows
from Lemma 4.13 and that X;|w—, is Gaussian of covariance B; for all w, (c)

follows from Lemma 4.12, and (d) follows from Lemma 4.11 and that
E[Cov(X;|Xy, W)] < B; — %(A; + By) %7,

which is shown below. Observe that the orthogonality property of conditional
expectation (implying also the vector extension of minimum mean square error

property) yields the following:

E[Cov(X;]| Xy, W)] = E[(X; — E[X]| X, W) (X — E[X]Xa, W])T]
< E[(X) — Xp)(X; — Xy)7]

for any X; that is 0(Xy, W) measurable and E[||X;||?] < co. In particular we set
Xl = X1 - Xl + E[XlXQT] E[ngg]_lx%
where X; 1= X; — E[X;|W] and X, := X, — E[X,|W]. Then

E[(X: — X.)(X; — X,)7] = E[X,XT] - E[X, X} E[X,X]] ! E[X,X]]
= B1 - E(AQ + Bg)ilzT.

Putting these together gives
Oxra(X1, Xo|V, W) < gra(Az, By, By, X).

Now we verify As, By, Bs, C1, Cs, 3 satisty the constraints of vg. We have

s oo (G 1) £ e (G o)

o4




(b) E[Cov(X;|V, W)] 0
0 E[Cov(X2|V)]

0 0
0 Ay)’

where (a) follows from Lemma 4.14 and (b) holds since X; — (V, W) — X, and
W — V — X, form Markov chains. This gives

B X
> 0.
¥ B
We also have

(S )= (0 ) el () )
e ( () - e ()0

where (a) holds since X; L X, and (b) follows from Lemma 4.14. The remaining

Y

constraints, namely,

AZioa
B1+C1€IC1,
A2+BQ+02€IC27

are obvious.

Next we show vy, > vg. Suppose Ag, By, By, C, Cy, X are matrices that satisfy
the constraints of vg. Let

A, Ag
Bl Bl b))
B, | ~N |0, T By )
Cl Cl =)
C, - G,
and let
X =B +Cy,
X2 = A2 + BQ + CQ,
V.= B2 + CQ,
W .= (Cl, CQ)
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Then one can readily verify
Ora(X1, Xo|V, W) = gra(A2, Bi, By, X).
and that (X, Xy, V, W) satisfies the constraints of vy,. O

Proposition 4.7. Let A\ > 1 and 0 < o < 1. Define the functional

G (P, By) = sup Oral(XT, X3),

p(at)p(a}):
E[X7]=E[X§]=0
E[| X7 2] <nPy, B[|XZ 2] <nP,

forn > 1 and Py, P, > 0, where Xy;, Xo; (i = 1,...,n) are random variables in

R. Then we have the followings:
(i) GSa(PrPo) = - Gy(Pu Py).
(ZZ) For P, P, > 0,

Gg\nc)y(Pl’PZ):n sup g)“a(PQ——,B]_,BQ,E),
’ B1,B2,5>0 P — B
5</BiB>

where gyq is defined as in (4.18), and 3 is understood to be 0.

(111) If X > Ng, where

N 1
)\02:1+—2

7
Nl (1 _ N1+No )2
P>+N1+N>2

then there exists 0 < o < 1 such that the mazimization on right-hand side
of (ii) is attained by By = By = ¥ = 0.

(iv) If X > Ao where \g is defined as in (iii), then

inf GEC;(PhPQ) < g ((/\ — 1) 10g(P2 + N1 + NQ) + 10gN1 — )\IOg(Nl + NQ)) .

0<a<l -

Proof of Proposition 4.7 (i). Proposition 4.5 (i) (with Kj; := {K : tr(K) < P;})
implies that

G(AT,ZL(Ph Py) >n- GE\{L(H; P,),

as well as (with ICj; := {K : tr(K) < @Q;;}) that

n
1
Gg\r,La<P17 P) < sup Z G&L(Qn, Q2i)-
Q1i,Q2:>0 T
>, QuisnPy
D1 Qai<nP2
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It then suffices to show that (P, P) — G&%L(Pl, P) is concave. Indeed Proposi-
tion 4.5 (ii) (with Kj; := {K : tr(K) < Pj;} and ¢ := 3) implies

Py + Py P21+P22>

GSL(PU, Poy) + G&{L(Pu, Py) <2- G(;L ( 5 5

for any Py, Py > 0 (i = 1,2), ie., G’(Alzx is midpoint-concave. This together
with the fact that Gg\ll is continuous, which can be shown by Lemma 4.15 by

considering the matrix expression (4.17), implies that Gf\l)a is concave. ]

Proof of Proposition 4.7 (ii). In view of (i) it suffices to show the scalar case, i.e.,

n = 1. Proposition 4.6 gives

1
G&,ZM(P17P2) = sup g)\,a(A%BlaBZ?E)?
A2,B1,B2,C1,02>0,2€R
$2< B Bs
¥2<C1Co
B1+C1<Py
Ao+Bo+Co <Py

where g , is defined as in (4.18) for scalars:

Ay + Ny + Ny
N+ Ny
B+ By +2X 4+ Ay + Ny + N,
B+ N
Bl—AfTQJ%—i-Nl )

»2
1 G TN

1
IralAz, By, By, %) = 3 (()\ — Dalog

+(A—=1)(1—-a)log

+(1+A=1)(1—a))log

Now we simplify this maximization. The variables C}, C5 can be eliminated:

sup g)\7a<A2,B17BQ,Z>.
A2,B1,B2>0,X€R
$2<B1 By
$2<(P1—B1)(P2—A2—Bs)
B1<P
A2+B2<P,

We can assume BBy < (P, — By)(P, — Ay — Bs) (otherwise we could increase
the objective by increasing A, while fixing Ay 4+ By):

sup Ira(A2, By, By, X).
A2,B1,B2>0,Y€R
$2< B By
Bi1<h
A2+Ba<P>
B1B2<(P1—B1)(P2—A2—B2)

We can further assume By By = (P; — By) (P, — As — By) (otherwise we would also
have Ay + By < P and we could increase the objective by increasing A, since the

objective is increasing in Aj):

sup 9ra(Az, B, By, X).
A2,B1,B22>0, Z€R
¥2<B1Bs
Bi<P,
As+B2<Ps
B1By=(P1—B1)(P2—A2—DBs)
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If By # P, then the constraint Bi By = (P, — By)(P, — Ay — Bs) means

P B,

A .
o =D — P — B,

(4.19)

If By = P; then the constraints imply By = 0 and ¥ = 0, and the maximizer
is given by Ay = P,. In both cases (4.19) is satisfied if g is understood to be
0. From (4.19) the constraint A; + By < P, is automatically satisfied and the
constraint A, > 0 is equivalent to %1 + }BT; < 1, which implies the constraint

By < P;. So the maximization further simplifies to:

Py By
sup g)\,()l(PQ_ P B 73173272)'
B1,B2>0,X€R 1 — 1
¥2<B1 B>
B B
sl

Finally, since replacing > by || does not decrease the objective, we can assume
X >0:

- PB;
su ol P ,B1, By, %0).
31,32%209/\’ (P — P1 By’ 1, By, %)
2<V/B1By
PrEEsl
]
Proof of Proposition 4.7 (iii). It suffices to show that the maximization
. P132
SUp  Gaa(f2 — , B1, Ba, \/ B1Bs), (4.20)

B1,B2>0 P1 By’
By , By
PR S!

is attained by B; = B, = 0, where the functional g, , defined by

~ 1 As + N; + Ny
(Ay. By, By, S ::—</\—1 log 22 TN T e
IralAz, B, By, X) 2( )alog N TN,
By + By +2¥X 4+ As + Ny + No
+(N=1)(1 - 1
( )(1 —a)log BN,
By +N;
+(1+N—1)(1— 1 —)
(1+( )( a))OgBl+N1+N2

is an upper bound to gy 4.
The maximization (4.20) is attained by By = By = 0 if and only if for any

By, B, satistying the constraints we have

1 P, By
5(()\ — 1 <log <P2 o ! B + Ny + N2> —log (N1 + Ng))

+ A =11 —a)log <B1+BQ+2\/BlBZ+P2— +N1+N2)

P — B1
+1og (B + i) = (1+ (A= 1)(1 — 0)) log (By + Ny + M) )

o8



< <()\ — Da (log (P + Ny + No) — log (N} + Ny))

1
2
+(>\—1)(1—Oé)10g(P2+N1+N2)

+1log (V1) — (1 + (A —1)(1 — a)) log (N, +N2)),

or equivalently

P B 1
(A= 1Dalog (1 B L )

Py — By P+ Ny + Ny

Bi1+2v/B1B2— P B
Py+N1+No . (Nl + NQ) — B

By + Ni + N

+A=1)(1—-a)log |1+

B1N.
—i—log(l—l— S )

(B1 + Ny + No) Ny
<0.

By dividing the above inequality by A and utilizing concavity of z — log(1 + z),
this is implied by

P B 1
—(A=1)a—2
Pl—B1P2+N1+N2
B1+2vB1B2— 31
+ ()\ . 1)(1 _ O[) P2+N1+N2 (Nl + NQ) B + BINQ
By + Ny + Ny (B1 + Ny + No) Ny
<0

— bl

(B1+N1+N2)(P2+N1+N2) )
N1+N2

or equivalently (by multiplying by

Pi(B;y + Ny + Ny)
(Py — B1)(Ny + No)

B P,
+(A=1)(1-a) (2\/ Biv/B; — B Nljrjvz)

1
ByNy(Py+ Ny + Ns)
Ni(Ny + Ns)

— (A=

<0.

Since the left-hand side is quadratic in /By with negative leading coefficient, this
is implied by

A (()\ - 1)04(2(_3155%1—{_:\;\22) =D a)Pl ?1B1>

ByNy(Py + Ny + Ns) B\ P, )
: =11 —a)—2
( O R AR5 Ay v

<0

?
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-B
>\ i))

or equivalently (by multiplying by

A—=1)(1—a)*(P,— B)) + (a <P1 + ﬁ&) +(1— a)Bl>

(%(}+Nfa%>—u—nu—@ﬁfag>

<0.

Since the left-hand side is linear in By, this is true for all B; > 0 if the linear

coefficient and the constant term are < 0, that is

)

No P Py
21y —2 ) oDl -a)—2) <0, 4.21
(Nl ( N1+N2) (= 1) @>N1+N2) < (4.21)

A=D1 —a)P

_()\_1)(1_@)2+ ( NlPl

N P2 P2
P 1 - A1l —-a)=————) <0. 4.22
rar (3 (14 505 ) - - DO - ) <0 @

Inequality (4.22) implies

N2 P2 P2
2y 2 ) -1 —a)—2— <0,
M( M+M>< -IFTR, <

which implies (4.21). Thus, it suffices to satisfy (4.22) since it implies (4.21).
(4.22) is equivalent to

N2 P2 PQ (1 — CY)Q
— (1 A=D1 (1- — .
N(+NHNJ ( )O VNI

It can be shown using basic calculus that the right-hand side is > 0 if and only

. N1+No . .. . Ni+No . . .
if a > PN and is maximized by a =/ BN, Putting this maximizing
« and rearranging we get

N. 1
A> 142 — ).

2
Ny 1— N1+No
Po+N1+No

To conclude, if A > \g then letting o = ﬂ/% gives that (4.20) is attained
by B; = By = 0. Note that (4.20) upper bounds the maximization on right-hand

side of (ii) and both objective functions are equal to each other when By = By =0

(in such case ¥ must be 0). This completes the proof. O
Proof of Proposition 4.7 (iv). This is immediate from (ii) and (iii). O
Finally we have all the ingredients to prove Theorem 4.2.
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Proof of Theorem /.2. Denote

Y, =X + Zy,
Tg ZIX2+Zl+Zl,
Y2 Z:X2+X1+Zl+ZQZT2+X1.

Then, for A>1and 0 < a <1,

A=Dh(Xo+ X +Z1+Zy) + h(Xy +Zy) — MN(Xy+Z1 + Zy)
= (A= 1Dh(Y2) + (Y1) — A(Y2|X2)
(A= 1Dal(Xa;Ys) + (A = 1)(1 = ) (h(Y2) — h(Y1))
+ (1 + A=D1 =a)) (h(Y1]Xz) = ~(Y2[Xy))

< (A Dal(Xp:T) + (A~ 1)(1 - a) (h(Ys) — h(Y)))

+(1+ A=D1 = a)) (M(Y1]Xg) = h(Y2[Xy))

Nasg

(b)
< 0,.4(X1,X5)
(<)G( < [[1X1[?] E[HXzHQ]),

Ao n ’ n

where (a) follows from data processing inequality, (b) follows from the definition
of O, and (c) follows from the definition of G(;C)w where G’E\"C)Y is defined as in

Proposition 4.7. Since « is arbitrary, we can take infimum over a and we have

A= DXy + Xy +Zy + Zo) + WXy +Zy) — M(Xy + Zy + Zo)

< i g (P EIXE)

0<a<l1 n ’ n

(A n 1

<3 (()\ —1)log (5 E[[IX: /%] + N + N2> +log Ny — AMog(N; + N2)> :
where (d) is a consequence of Proposition 4.7 (iv), where we use the condition
A > AL ]

Some lemmas

Here we state the lemmas that have been invoked in the proof of Theorem 4.2.

e Lemma 4.9 and 4.10 are required in the proof of Lemma 4.8 which justifies
that the perturbed functional @E\i’(j) converges uniformly and hence one can
take limit of maximum value of the perturbed functional to obtain maximum
value of the unperturbed functional ©,,. Lemma 4.9 is a statement of
asymptotic bound on entropy by power. Lemma 4.10 allows interchanging

limit and maximization under uniform convergence.
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e Lemma 4.11, 4.12, 4.13 and 4.14 are used in the proof of Proposition 4.6
which gives an explicit expression for the maximization of ©, , (X1, X5) over

the space of Gaussian distributions.

e Lemma 4.15 gives a general condition for which the optimal value of an
objective function is continuous under variation of the feasible set. Together
wtih Proposition 4.5 (ii) which implies midpoint-concavity of GE\TZ(PL Py),
the maximium value of O, ,(X7, XJ) under power constraints P, and P,
Lemma 4.15 establishes its continuity, and hence concavity and additivity

as shown in Proposition 4.7 (i).

Lemma 4.9. Let Z be a Gaussian random variable in R (d > 1) with an invert-
1ble covariance matriz. Then there exists ¢ > 0 depending only on the covariance
matrix of Zi such that

0 < h(X+Z|U) - h(Z) < c-E[IX]]
for any random variables (X,U) L Z where X is in R%.
Proof. We have

h(X + Z|U) — h(Z)

I
S~ =

(X +Z|U) — (X + Z|X,U)
(X; X + Z|U)

On the other hand, with

we have

WX+ Z|U) — h(Z) < h(X + Z) — h(Z)

INE

o~ NI o)

—
INe
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= %tr(COV(X) Cov(Z)™")

(i) tr(Cov (X))
= 2 \in(Cov(Z))
E[[IX]1?]
= 2 min(Cov(Z))’

where (a) holds since Gaussian maximizes entropy, (b) follows from Jensen’s in-
equality, (c) holds since log(1+z) < z for z > 0, (d) follows from von Neumann’s
trace inequality, and X;(-) (respectively, Apin(+)) denotes the i-th largest (respec-

tively, the smallest) eigenvalue functional. O]

Lemma 4.10. Let f and f, (n > 1) be real-valued functions defined on the same
set. Suppose

lim sup |, (2) — f(2)| = 0.

n—oo 4

Then

lim sup f,(z) = sup f(x).

n—0o0 x

Proof. Let €, := sup, |f.(xz)— f(z)|. Note that €, is bounded for sufficiently large

n since €, converges. We have

f(x)_en < falz) < f(x)+€n

for any x and sufficiently large n. Taking supremum over x gives

sup f(z) — e, < sup fo(z) < sup f(2) + €.

xT

Then the result follows by squeezing. O]

Lemma 4.11. Let A, B, K, K be square matrices of same size such that A =
B>=0and K = K = 0. Then

log |K + B| —log |K + A| < log|K + B| — log | K + A|.
Proof. The inequality is equivalent to
IX; X +2Z)>I(X; X +Z+Z)

for mutually independent Gaussian random variables X ~ N(0,A — B), Z ~
N(0,K + B) and Z ~ N(0,K — K), which follows from the data processing
inequality. O]
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Lemma 4.12. Let U, X, Zy, Z> be random variables where X is real-vector-valued,
Z1,Zy are Gaussians of the same dimension as X, and (U, X), Zy, Zs are mutu-

ally independent. Then

WX + Z1|U) — h(X + Zy + Zs|U)

< % (log | E[Cov(X|U)] + Cov(Z,;)| — log | E[Cov(X|U)] + Cov(Z1) + Cov(Zy)|) .

Remark 4.3. The scalar version of Lemma 4.12 is rather well-known. This is
Ezercise 9.21 in [CT91], for instance. It is also possible that the vector case is

known but we present a short proof here for completeness.

Proof. We have

hMX 4+ Z1|U) — h(X + Z; + Z5|U)
< h(X = B[X|U] + Z|U) - h(X — B[X|U] + Zy + Z;|U)
< s (MEAZIV) - RX 421 2o)V))

p(v,X)
E[XXT)<E[Cov(X|U)]
(ViX)L1(Z1,22)

—

2 sup L (log |K + Cov(Zy)| — log | K + Cov(Z1) + Cov(Z,)|)
0=K=<E[Cov(X|U)]

b) 1

=3 (log | E[Cov(X|U)] + Cov(Z,)| — log | E[Cov(X|U)] + Cov(Z) + Cov(Zs)|)

Na

—~

where (a) is a consequence of Theorem 3.3, and (b) follows from Lemma 4.11. [
Lemma 4.13. Let U, X be random variables where X s real-vector-valued. Then
1
h(X|U) < 5 log |2me E[Cov(X|U)]|.

Proof. We have

@ [1
r(X|U) < E §log|27re Cov(X|U)|

®) 1
< 3 log |2me E[Cov(X|U)]],

where (a) holds since Gaussian maximizes entropy, and (b) follows from Jensen’s

inequality and concavity of log-determinant. O
Lemma 4.14. Let U, X be random variables where X is real-vector-valued. Then
Cov(X) — E[Cov(X|U)] = 0.

Proof. This follows from the law of total variance. m
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Lemma 4.15. Let f be a real-valued function defined on a metric space (X,d).

Suppose f is Lipschitz, i.e., there exists a constant C' > 0 such that

[f(x) = f(y)l < C - d(z,y)

for any x,y € X. Suppose S and S, (n > 1) are subsets of X such that S,

converges to S in Hausdorff distance, i.e.,

xE€S, YE €S YESn

lim max { sup ing d(x,y), sup inf d(:r:,y)} =0.
Then

lim sup f(x) = sup f(x).
" zeS, zeS

Proof. For any z € S,, and y € S it holds that

f(z) < fly) +C-d(z,y),

and hence

sup f(z) < sup f(y) + C - sup inf d(z, )
€Sy, yes €S, YES

Taking limit superior yields

limsup sup f(x) < sup f(z).
n xE€Sn zeS

Similarly for any € S and y € 5, it holds that

f(x) < fly) + C-d(z,y),

and hence

sup f(z) < sup f(y) + C - sup inf d(z,y).
zeS YyESy €S YESn

Taking limit inferior yields
sup f(z) < liminf sup f(z).
z€s n zeS,

This gives the result. [
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Chapter 5
Conclusion

The complete determination of capacity region of GIC has been a long-standing
open problem in network information theory. The results in this thesis constitute
a progress towards it.

In Chapter 2 we show that any multi-letter extensions to the Han-Kobayashi
achievable region with Gaussian inputs for GIC coincide with the single-letter
region. As a consequence, if one could show that the multi-letter extensions to
the Han-Kobayashi achievable region is attained by Gaussian inputs, then the
single-letter Han—Kobayashi achievable region with Gaussian inputs would be the
capacity region.

In Chapter 3 we present two results. One of which is the computation of
the slope of Han-Kobayashi achievable region with Gaussian inputs for GZIC
at the Costa—Sato corner point. Another one of which concerns optimality of
weighted sum-rates for a subclass of GIC with weak interference, establishing
slope discontinuity at the maximum sum-rate point for the capacity region.

In Chapter 4 we propose a conjecture concerning Gaussian extremality of a
functional, which would imply the optimality of Han—Kobayashi achievable region
for GZIC. We then show an information inequality that establishes the conjecture
in some regimes. The inequality also gives an outer bound for the slope of capacity
region of GZIC at the Costa—Polyanskiy—Wu corner point.

Beyond the two-user case, for interference channel with additive Gaussian
noise with three or more sender-receiver pairs it is known that structured codes
that employ interference alignment [CJO08| outperform a natural generalization of
the Han—Kobayashi scheme for the two receiver case. The results in this thesis
suggest that for the two-user case, the Han-Kobayashi scheme with Gaussian

signaling may also already be enough to be capacity-achieving.
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