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ABSTRACT. We investigate the vicinity of the newly established corner point for the capacity region of the
Gaussian Z-interference channel. We determine the expression for the slope of the Han and Kobayashi region
with Gaussian signaling just around the corner.

1. INTRODUCTION

Consider a Gaussian Z-interference channel described by

Y1=X1+ 74,
Yo = Xo 4+ aXy + 2o,

with @ < 1. Here X; and X5 are transmitted signals, Z; and Z5 are Gaussian unit-power noises and Y; and
Y5 are received signals. The coeflicient a denotes an interference gain. The optimality of Han-Kobayashi
achievable region with Gaussian inputs is an (important) unresolved open problem in this area. Part of the
difficulty is in the actual computation of the Han-Kobayashi inner bound (even restricting one to Gaussian
inputs). In this paper we explicitly compute the slope of the achievable region, around the corner of the
newly established corner point of the Gaussian Z-interference channel. By investigating the behavior of the
capacity region around the corner one may be able to develop new ideas for proving converses or deduce
the sub-optimality of Han-Kobayashi achievable region with Gaussian inputs. The idea of using concave
envelopes to compute Han-Kobayashi region of interference channels, for a different setting, was done in [2].
The technique here is slightly different from that in [2]. The observation that time sharing using different
powers enhances the achievable region in the Gaussian-Z-interference channels was explored in [I]. It turns
out that such a time-sharing strategy also affects the slope around the corner of the Gaussian Z interference
channel.

1.1. Han and Kobayashi region with Gaussian signals and slope at corner point. For a Z-
interference channel it is immediate (see [3] for instance) that the Han-Kobayashi region reduces to the
union of rate pairs (R, R2) satisfying
Ry < I(X1:17]Q)
Ry < I(X2;Y2|U1,Q)
Ri+ Ry < I(Uy, X2; Y2|Q) + 1(X1; Y1|U1, Q)

for some p(q)p1(u1,x1|q)p2(z2|q).
It is easy to see that for g > 1

max Ro+ Ry = max — DI(Xo; Yo |U1,Q) + 1(U, Xo; Y- + 1(X1; Y101, Q).
(Rlsz)GHKﬂ ? ' P(Q)Pl(u17r1|Q)ZD2(12\¢1)(ﬂ (X2 Yl 1, Q) (01, X2 121Q) (K1 1alth, Q)

That is only the second and third constraints are tight (like a MAC for any p(q)p1(u1, 21]q)p2(22]q) we have
a pentagonal region).
We can rewrite the above conditional optimization as follows:
(B =1I(X2: Y2|U, Q) + I(Ur, X2; Y2|Q) + I(X1; Y1|U1, Q)
= I1(X1, Xo; Y2|Q) + (8 — 1)[(X2; Ya|Ur, Q) — I(X1; Y2|Us, Xo, Q) + I(X1; Y1|Us, Q).
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The maximization of the above expression with respect to p(q)p1(u1, 21]¢)p2(22]g) can be equivalently seen

to be the following computation. For a given pair of independent distributions p;(x1)p2(22) compute the
quantity
I(X1, X2;Ye) + max (8 — 1)I(Xo; Y2|Ur) — I(Xy; Ya|Ur, X2) + [(X1;Y1|Uh)

p1(ut]z1)
which yields
I(X1,X2;Ya) +Cx, [(B — 1)I(X2: Ya) — I(X1; Yo X2) + I(X1;Y7)] .

Using the above function values at independent points, we can create a further concave envelope over the set
of joint distributions and the maximum over this yields the Han-Kobayashi weighted sum rate in general.
For discrete alphabets with no constraints on the distribution, the latter concave envelope is not necessary,
since the maximum value of a function and that of its concave envelope is the same.

Coming back to Gaussian signaling, we set X; = U; + V; where Uy, V; are independent Gaussians with
power (1 — )@ and a@)q respectively. Let X5 be Gaussian with power Q2. We define the following function

of Q1,Q2, say f3(Q1,Q2) according to

1 2 8—1 Q2 1 2 1
~ log(1 log (14 —%2 ) — Zlog(1 = log(1 .
5 log( +aQ1+Qz)+aIgmaf<l]{ 3 0g< +a2aQ1+1> 5 log(1 +a’a@1) + 5 log( +aQ1)}

Then the weighted Han-Kobayashi sum-rate for power P, P, is the concave envelope of fz(Q1,Q2) at the
point (P1, P»).
A simple computation for the optimal alpha leads to the following expression for fg(Q1,Q2).

Lemma 1. The function fz(Q1,Q2) is given by the following

_ —a?
%log(l +a?Q1 + Q2) + —52 ! log (1+@2) p=>+ a252Q2
70‘2 a2
og (14 @) + log(1+@Qu) B < =t@(iecn)
fB(QlaQQ) = 1 (1+a2Q1+Q2) B=1
zlog—azg, = + 5 log(f - 1)
2

—g log 8 + glog % — 4 log(1 —a?) o.w.

As a consequence, we have the following
e When § > % + L the function

a2

1
) log (1 + Q?) ;

F5(Q@1,Q2) = 3 log(1 + a*Qs + @2) +

or the maximum happens at a = 0.
e When ( is slightly smaller than 1-a® 4 1 then

a2Q2 a2

F5(Q1,Q2) > 3 log(1 +aQs + @) + P log (14.Q2),

or the maximum happens at a € (0,1) and not at & = 0. Thus maximum is larger than the value at
a=0.

Remark 1. Thus, from the above analysis, for 3 slightly smaller than l-a® a—12 clearly the value of SRy + Ry

a? P2

for HK is clearly at least as large as fg(Pi, P») which is strictly larger than

2
thus the hyperplane, SR + R; passes above the corner point.

1
log (14 P2),

1
5 log(1 + a®P; + Py) + p

Theorem 1. Consider a Gaussian Z-interference channel. The smallest 3 such that the supporting hyper-
plane of the form BRa + R1 of Han-Kobayashi signaling scheme with Gaussian inputs passes through the
corner point is given by

_log az — —(1+z112P1+P2_) (1 _ a2)(1 + Pg)

log(1+ P) — 1% aZPy

Ber = 1 4+ max
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Proof. The theorem is equivalent to showing that the concave envelope of f3(Q1,Q2) at (P1, P2) equals

f3(P1, P») and hence passes through the corner point if and only if 8 > Ber. The necessity of the condition
1-a®)(1+P) 1-a* 1

>1 = —
pz1+ a?Py a?Py a?

follows from Remark [l
A simple supporting plane argument (or duality) yields that the concave envelope of f3(Q1, Q2) at (Pr, P»)
equals fg(Py, P2) will happen if and only if the function

a2

o _ _ 1 6—1
98(Q1,Q2) := f5(Q1,Q2) 30 +a?h, +P2)Q1 (2(1 2P 1 Py + 20 +P2)) Q2
has a global maximum at (Q1,Q2) = (Py, P2).

Interior analysis. In the first part of the proof, we will show that when g > 171“227;2132 then g3(Q1, Q2) has
a unique local maximum at (Q1,Q2) = (P1, P2).
For any @1, if Q2 > P then f3(Q1,Q2) (given by first expression in Lemmall]) is jointly concave in Q1, Q2,
hence in this regime there will be a unique stationary point (hence local maximum) at (Q1,Q2) = (P1, P2).
For (Q1,@2) such that
1;&%“£§ﬁ<(ﬂﬂﬁ+Qﬁﬂ+ﬁQﬂ
a P2 a2 a2Q2(1 + Ql)
the function f3(Q1,Q2) is given by the second expression in Lemma [Il Hence for a local maximum to exist
in this region we must have (first derivative conditions)

a? B Ba? Ba? n 1
20+ a?PL+ P2)  2(1+a2Q1+Q2) 2(1+a2Q1)  2(1+ Q1)
1 n -1 g
20+ a?P+P)  2(1+P) 21+a2Q1+Q2)
By observing that % < g — # we see that the second condition above yields that

1 LB 8
2(1—|—CL2P1 +P2) 2 2&2 - 2(1+CL2Q1 +Q2)
and plugging above in first equation we obtain that

Ba? 1 Ba? 1
0§7T_§_2Q+MQQ+2Q+QQ

or equivalently
4
1
1) SIS
1+a*Q1 — 1+
Considering the Hessian (second order conditions for local maximum), note that the sign of the determi-
nant of the Hessian is the opposite of the sign of the second derivative of $log(1+ Q1) — glog(l +a%Q)
with respect to Q1. Thus for a point to be the local maximum we need
1 S Ba*
(1+Q1)? ~— (1+a%Q1)?
From () above, to satisfy the second derivative condition, we need
1 1
> 3 )
(1+Q1) — (1+a?Qy)
which cannot hold if @1 > 0 and @ € [0,1).
In the final (third) regime in Lemma[lof (Q1, Q2), a stationary point exists only if a?Q1 + Q2 = a>P; + P,

and
L_L:ﬂ_lgﬁ_i7
1—a2+Q2 QQ 1—|—P2 CL2
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where the last inequality follows from the relation between P> and 3. If Q2 > a? then this is equivalent to

1—0a”+Q

a?Q2 ’
but this cannot happen since we are in the final regime. On the other hand if a? > Q, then the sign of the
inequality reverses and a stationary point is plausible.

g =

Considering the second order conditions, to be a local maximum we further need that

1
g log(1 — a® + Q2) — 5108 Q2
is concave in )2; and this will happen if
1 1
- - 0 > _—_
T r” @

However since
1—0a”+Qy
a?@Q2
the previous inequality is infeasible when a? > Q2. Thus we cannot have a stationary point in the third
regme of parameters as well.

B <

Boundary points. The above analysis fails to consider the possibility of global maximum happening at
boundary points. One can easily eliminate )7 or Q2 that tends to oo since the value of the function would
tend to —oo. Therefore it suffices to restrict ourselves to (Q1,0) and (0, Q2).

Along the line (Q1,0):
Maximum along the line (Q1,0) is obtained when

1+a?P, + P
14 Q=TT

a

Thus we need

a?

2(1 + a2P1 + PQ)

%bg(l Q) - @

a?

-1
log (1 + Ps) — P;
Og( + 2) 2(1+a2P1—|—P2) 1

og(1+a*P + P) +

l\D|P—‘

-1 )
+ Ps. <—
( 1+a2P1 +P2) 20+ P) ) 2

1 2
_5 (

log(l—i—Pg) (14 P)

a
2(1 + a2P1 —|— PQ)

( + p-l )P =
1+a2P1+P2) 20+ ) ) 2

—log(a®) < (B—1)log (1 + P,) +

N)I)—l

1-a>  (B-1)P,
(1+a?P +P) (1+P)

Hence this holds if and only if

2 —a?
@) 1> B Tl 51

log(1+ P) — 1+P2

Along the line (0,Q2):
Maximum along this line is obtained at Q@2 = Q5 where
B8 1 N B—1
1+Q5 1+a2Pi+ P 1+P
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Thus for the value at (Py, P») to be larger than the value at the boundary point above we need that

8 . : e
5log(l +Q35) — (2(1 + a2P; + Py) + 2(1 +P2)> @
-1

2

CL2P1
2(1+a2P; + P)

1
< log(1+ P3) + B log(1 + a*P, + Py) —

1 8—1
— + Ps.
(2(1 +a2P +P) 201+ P2)> :
Plugging in the choice of ()5 obtained and elementary manipulations yield that we require
B o (B(l + P) (14 Py + Pg))
2 B\ B+ P+ (B—1)a2P
<ot
-2

1
log(1 + Py) + 5 log(1 +aP, + P,).

This is equivalent to requiring

log(1+ P2) + (8 — 1) log(1 + a®>P; + P,) < Slog (ﬁ(l +P)+(B— 1)a2P1> '

B

But by the convexity of log() the above is true for any 5 > 1.
Combining the interior analysis, Remark [[land (2]), we see that the critical slope is given by

_log a2 — —(1+z112P1+P2_) (1 _ a2)(1 + Pg)

Ber = 1 4+ max

log(1+ Py) — 1_1:2132 ’ a’P,
O
CONCLUSION

We established the slope of the Han-Kobayashi region (with Gaussian signaling) at the corner point of
the Gaussian Z-interference channel. The technique employed may be of interest to other settings since we
performed the optimization of the dual functional to compute the concave envelope.
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