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(Fig. 1) while v < 1/2 [1} without such a node (Fig. 2). Con-
sequently, the addition of a relay node decreases the maximal
throughput by 33 percent in this case.

In Fig. 6, the minimal average waiting time of packets in
the network is plotted versus the throughput for equal arrival
rates at nodes 2. and 3 for the network with and without the
relay node. This minimal average waiting time is obtained from
the minimal average delay time minus one unit for the net-
work of Fig. 2, and minus two units for the network of Fig. 1.
As is seen from Fig. 6, the addition of a relay node significantly
deteriorates the performance of the network.
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Adaptive Load Balancing for Parallel Queues with Traffic
Coustraints

TAKSHING P. YUM AND HUA-CHUN LIN

Abstract—A new adaptive rule for balancing the load on many parailel
quenes is designed. The queunecing system can accommodate different
types of customers where each type is persistent in joining a particular set
of queunes, The rule makes use of a set of bias levels to compare the queune
lengths and makes use of the majority-vote rule for propagating the
routing decisions to the different types of customers. Delay and biocking
probability comparisons between this rule and three other adaptive load
balancing rules, the JSQ (join-the-shortest-queue) rule, the GBQ (general-
ized biased gueue) ruie, and the MRT {minimum response time) rule,
show that it is always superior under widely different conditions on a
three-parallel-quene system.

I. INTRODUCTION

The purpose of load balancing in a queueing system is to
distribute arriving customers to a2 number of parallel queues
for services. The use of load balancing rules is common in
multiprocessor computer systems. Load balancing rules with
traffic constraints can also be used for realizing local adaptive
multidestination routing strategies in computer communica-
tion networks.
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We can generally classify load balancing rules as either
stochastic, deterministic, or adaptive. Stochastic rules dis-
tribute arriving customers to different queues by fixed proba-
bility assignments. The problem of finding optimum bifurca-
tion probabilities for minimum average delay has been solved
in [1] in a more general context of a network of queues.
We call the rulé using tHe optimum probabilities the best
stochastic (BS) load balancing rule. Load balancing in a net-
work environment is similar to the routing function. In {2]
and [3] the authors are actually making use of the BS rule
for designing decentralized routing algorithms for computer
networks. In [4], it was shown that smaller overall average
delay can be achieved by distributing the customers to the
set of queues according to a predetermined routing sequence.
The particular deterministic rule that gives the same bifurca-
tion ratios as the optimum bifurcation probabilities of the BS
rule is referred to in [4] as the best deterministic (BD) rule.

The extensively studied join-the-shortest-queue (JSQ)
rule [5]-[7] is an example of an adaptive load balancing rule.
It can also perform. the function of adaptive routing [8]-
[10]. Another example is the join-biased queue (JBQ)
rule [11]. It introduces a bias term in comparing the queue
lengths. .

In this paper, we propose a new adaptive load balancing
rule for parallel queues with traific. constraints. These con-
straints are due to the presence of different types of custo-
mers (differentiated by the set of queues which they can
join) in the queueing system, The rule is a combination of
the JBQ rule and the majority-vote tule, and is referred to as
the BQ/MV rule. It degenerates to the JSQ rule when the
system has similar queues and balanced (or symmetrical)
input traffic rates and degenerates to the JBQ rule when the
system has only two queues.-

II. THE QUEUEING MODEL

Consider a system of M parallel queues serving different
types of customers. We assume the arrival of each type of
customer forms a Poisson process with an arbitrary rate.
The amount of work brought by each customer, regardless
of type, is exponentially distributed with mean equal to 1.
Among the various types, the “persistent” customers are those
requiring special services, and so they persist in joining a
particular queue of their choice. This situation may occur in
a multiprocessor. system where some jobs must be processed
by a special purpose processor, It ‘may also occur in a com-
puter network node where some messages must be routed
to a particular output line. We call the customers that are
constrained to join queue {(Q;) the P; customers. The “non-

‘persistent’’ customers, on the other hand, can join two or

more queues. If they can join m out of a total of M queues, we
refer to them as the &,, customers. It is clear that there are a
total of M types of P customers, and (M) types of N, cus-
tomers. The total number of customer types, therefore, is

2M — 1. We further let an M-bit indicator, x = x;x; * X,
denote the 2M — M — | types of N customers with
1, if that type of customers can join Q;,
x s =
' Q, otherwise, .
=12, M

Thus, for M = 3, N,(110) is the type of customer that can
join only @, and Q,. We assume that when a customer arrives
at the system, ifs type is first determined by a dispatcher.
If it is ‘a P; customer, the dispatchersends it directly to Q;.
If it is an N,,(x) type customer, the dispatcher sends it to
switch S,,(x). The switch then sends the customer to one of
the m queues indicated in x according to the load balancing
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Fig. 1. Three-parallel-queue system with seven types of customers.

rule. Fig, 1 shows the seven types of customers for a three-
parallel-queue system. There, switch §,(101), for example,
will send the N,(101) customers to Q; or Q3. We have also
let the r’s be the arrival rates of the different types of cus-
tomers, the Cy's be the service rates, the B,’s be the buffer
sizes, and the g,’s be the length of these queues.

We now refer the readers to {1] for the calculation of the
optimum flow rates for the minimum delay criterion. The
optimum flow rates for the minimum blocking criterion
can be found similarly using the Lagrange multiplier tech-
nique. After that, the maximum entropy method [13] is used
to find the set of bifurcation probabilities {4]. These flow
rates and bifurcation probabilities found are to be used in the
next section for the design of the BQ/MYV rule.

IIL.THE BQ/MV LOAD BALANCING RULE

The BQ/MV rule makes use of the JBQ rule to assign the
N, customers and the majority-vote rule to assign the Nj,
Ng, ', Ny customers. For two similar queues with no per-
sistent arrivals, the JSQ rule is intuitively good. But with the
presence of unbalanced persistent arrivals, comparing the

length of Q,(q;) and the length of Q, plus a suitably’

chosen bias value A;, was shown to give better delay per-
formance [11]. Besides, by adjusting the bias term, we can
also regulate the proportion of traffic to be sent to each queue
[117]. .

We shall show later how the bias values are set. For the
moment, let us assume that we have a three-queue system and
that we know how to assign the N, customers. Let an N5(111)
customer enter the system and be sent to S3(111). S3(1il)
then makes a decision as to which queue the customer should
join based on the available information, such as {a:}, (B,
{Ci}, and {r;(x)} so as to optimize certain performance cri.
teria. This turns out to be a very difficult problem in general,
for we need to partition the thres-dimensional state space
“optimally” intc three regions for the three decisions: to
@y, to @3, or to Q3. Thus, instead of searching for the opti-
mum decision rule, we choose to make the decision based
on the recommendations provided. by the three S, switches
and send the N3(111) customer to the queue with the highest
recommendation (or vote). In case of a tie, select one ran-
domly. For an M-parallei-queue system, however, the recom-
mendations for a particular S5 switch must be obtained from
the “relevant” S, swtiches. A switch is relevant if it makes
recommendations from a subset of queues which the particular
N3 customer can join. Thus, for M = 4, the relevant Sy
switches for §3(0111) are S,(0011), §,{0101), and §,(0110).
All other §, switches are ““irrelevant.” In a similar fashion,
the S, switches can make the queue assignment decisions
by the majority-vote rule based on the votes of the relevant
S3 switches. Thus, we see that the instantaneous queue length
information for load balancing is propagated from S, to S;
to 84, etc., and this is how the N3, Ng, -+ customers are
routed to the various queues.

q‘—_o_
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We now turn to the setting of the bias values (Ay’s) for
assigning the N, customers. Consider again a three-queue
system and let us focus on the N, (110) customers. To solve
for Ay, we let the arrivals to Q; (except the No(110) arrivals) .
be represented-by a composite arrival process and the arrival
to ¢ be represented by another composite process. We then
use different bias values on this two-queue system, solve
for their corresponding average delays and average blocking
probabilities, and choose the A;, that minimizes the average
delay ot average blocking, depending on the performance cri-
terion used. Other values of A;; can be found similarly. Details
can be found in [11].

IV. PERFORMANCE COMPARISONS

In this section, we attempt to compare five load balancing
rules: the BS rule, the JSQ rule, the GBQ rule, the MRT rule,
and the BQ/MV rule. For the BS rule, we use the minimum
blocking/delay criterion to find the {A;} and the maximum
entropy bifurcation probabilities to split the N type traffic.
This is therefore the optimum stochastic rule. The GBQ
(generalized biased queue) rule is a generalization of the JBQ
rule for three or more queue systems. It uses random bifurca-
tion to split the N3, N4, = types of traffic. But instead of
routing them to the queues directly, it groups these streams
of bifurcated traffic that belong to the same Ny(x) type two
by two im descending order of probability values and sends

them to the corresponding S, switches for adaptive bifurca-

tion using the JBQ rule. All streams of bifurcated traffic that
are left over from the two-by-two grouping are to be sent
directly to the corresponding queues. A more detailed dis-
cussion of the GBQ rule can be found in [11]. '

The MRT (minimum response time) rule is first proposed
in [12]. It is specified on a queueing system where there is
only one arrival stream and, therefore, cannot be used directly
to balance the load of the queueing system in Fig. 1. We
generalized it as follows: among the queues a particular cus-
tomer is allowed to join, select the one that will give the
minimum expected response time (waiting time plus service
time) for that customer. Note that this is an individual optimi-
zation policy. It does not imply in any sense system optimality.

. We now focus on a three-queue system. For the first set
of comparisons, we choose the minimum blocking criterion.
Fig. 2 shows the average blocking probabilities of the five
load balancing rules. As k increases, that is, as the amount of
N3 traffic increases relative to the N, traffic, the blocking
probability decreases for the JSQ (MRT) and BQ/MV rules.
This is to be expected, as when r3(111) increases, more
traffic has more freedom in choosing queues for load balanc-
ing. The GBQ rule shows, however, a slight increase in block-
ing probability. This is because as r3(111) increases, more
traffic has to be randomly bifurcated before the final adaptive
bifurcatjon.

Fig. 3 shows the case where the GBQ rule is better than
the JSQ (MRT) rule. Here, as we increase k, the arrival rates
become “more unbalanced (or asymmetric). This is the case
where we need large values of Ay’s in order to invert the un-
balanced condition. The JSQ rule always has Ay = 0 and
does not make such a provision. The BQ/MYV rule still has the
best performance, however. For the above two cases, the dif-
ference in average delays between the four adaptive rules is
about 1 percent.

We now focus on the comparisons when the buffer sizes
are different and the input rates are highly uneven. Fig. 4
shows that the blocking performance between the BQ/MV
rule and the other three rules accentuates, Hence, the BOQ/MV
rule is more robust.

Fig. 5 shows the blocking probabilities of the five rules for
different service rates. In all cases, the BQ/MYV rule is superior,
Note that, for 4 # 0, the MRT rule is no longer identical
to the JSQ rule. The MRT rule, in an attempt to minimize
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the response time, would like to route the customers to the
025 queue with a faster service rate, even though the waiting room
for that queue may be full. Thus, the blocking performance

is severely affected.
We now consider the performance of the rules under the
minimum delay criterion. Fig. 6 shows the. delay with the
average system utilization factor p varying from 0.1 to 0.5.
. We see that the BQ/MYV rule gives the smallest delay as well
\ as the smallest blocking probability. For p = 0.5, the block-

/

. ing probabilities for the BS, GBQ, JSQ (MRT), and BQ/MV
015 \ \ss rules are, respectively, 3.9 X 10-3, 1.8 X 10—%, 1.2 X 10—4,
\ and 7.9 X 10—5, We also observed that as P gets larger, the
\\ delay difference between the rules also gets larger, Fig., 7
\.__\.g.%mm shows the delay performance with unequal service rate under
010 the minimum delay criterion. The blocking probabilities of the
four adaptive rules are all about 10~%, Again we see that the

BQ/MYV rule is superior. '

005 3 5 3 3 ’ . V. CONCLUSIONS )

Fig. 4. Blocking comparisons: B, = 1,8, =2 + d, B; =2 + 3d, r = Load balancing is an important function in any resource

27,1, =07, =.0.1,,(110) = r; (101) = 1, (011) = 0.5 — 0.1, r, sharing system. As the system gets larger and more complex,
(A1) =03 +034,C=C =GC; = 1.0. there are bound to be some constraints in allocating resources.
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These constraints make the design of load balancing rules more
difficult, especially when the system has to operate under
widely different conditions.

This paper attempts to evaluate the comparative perform-
ance of four adaptive load balancing rules on a three-queue
system with traffic constraints. Four-or-more-queue systems
are not investigated due to the difficulties of solving four-or-
more-dimensional Markov chains. The rules designed and
studied, however, are perfectly general for any number of
queues. All the rules can also be easily implemented. The
most complicated one, the BQ/MV rule, requires only a few
“‘compare” operations for determining the majority vote.
The set of Ay’s can either be calculated when needed or be
tabulated for later references.

From the performance evaluation of ‘the various rules on
a three-queue system with traffic constraints and under widely
different conditions, we found that the BQ/MYV rule is the
best under both the minimum delay and the minimum block-
ing criteria. In particular, the BQ/MV rule is significantly
better than the JSQ rule under any kind of asymmetric condi-
tion, e.g., highly uneven input rates, unequal buffer sizes, and
unequal service rates. It is also significantly better than the
GBQ rule when the N5 type traffic is increased relative to the
N, type traffic.

REFERENCES

1] L. Fratta, M. Gerla, and L. Kleinrock, ‘*The flow deviation method:
An approach to store-and-forward communication network design,””
Nerworks, vol. 3, pp. 97-133, 1973.

[2] R.G. Gallager, ‘A minimum delay routing algorithm using distributed
computation,” IEEE Trans. Commun., vol. COM-25, Jan. 1977.

[3} T. Stern, “*A class of decentralized routing algorithm- using relaxa-
tion,”” {EEE Trans. Commun., vol. COM-25, Qct. 1977.

[4] T. Yum, “The design and analysis of a semidynamic deterministic
routing rule,” IEEE Trans. Commun., vol. COM-29, Apr. 1981.

[5] 1. F. C. Kingman, *““Two similar queues in parailel,”” Ann. Meth.
Statist., vol. 32, pp. 1314-1323, 1961.

(6] L. Flatto and H. McKean, “Two parallel queves with equal servicing
rates,”” IBM Res. Rep. RC5816, Math., Mar. 24, 1976.

[71 G. Foschini and J. Salz, “*A basic dynamic routing problem and
diffusion approximation,”’ /EEE Trans. Commun., vol. COM-26,
Mar. 1978. ’

{8] H. Rudin, ““On routing and ‘delta routing’: A taxonomy and perform-

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL, COM-32, NO. 12, DECEMBER 1984

ance comparison of techniques for packet-switched networks,”” {EEE
Trans. Commun., vol. COM-24, Jan. 1976.
91 G. L. Fuliz, ‘“‘Adaptive routing techniques for message switching
computer communication networks,”” Univ. California, Los Angeles,
Eng. Rep. UCLA-ENG-7252, July 1972.
A. Livne, **Dynamic routing in computer communication networks,”’
Ph.D. dissertation, Polytech. Inst. New York, Brooklyn, NY, July
1976.
T. Yum and M. Schwartz, ‘*The join-biased-queue (JBQ) tule and its
application to routing in computer communication networks,”’ TEEE
Trans. Commun.,-vol. COM-29, Apr. 1981.
Y. Chow and W. H. Kohler, *‘Models for dynamic load balancing in a
heterogeneous multiple processors system,’” IEEE Trans. Comput.,
vol. C-28, May 1979,
R. D. Levine and M. Tribus, Eds., The Muximum Entropy
Formalism. Cambridge, MA: M.L.T. Press, 1979.

[10]
{11
[12]

{13]

Series Representations for Rice’s fe Function
B. T. TAN, T. T. TIHUNG, C. H. TEO, AND P. Y. LEONG

Abstract—Two new series representations for the Rice function Je (&,
x) are presented. One of the series involves the modified Struve functions
and the other involves the modified Bessel functions. These two series
complement each other in their convergence speeds as functions of the
values of k and x. The truncation error bounds are derived for both series.
Therefore, they can be used alternatively with high efficiency and known
precision.

Rice’s Ie function [1, p. 267],
P
le(k, x) '=/ e Iolkrydr, 0<k<1, (0
0

appears frequently in the analysis of angle modulation systems
{1], and recently, it was shown to play a central role in the
study of error rates in differentially encoded systems [2].
A table of fe(k, x) computed to seven significant figures, with
values of k ranging from 0.1 to 1.0 and x from 0.1 to 39.0,
has been presented in {1, pp. 268-270] . However, due to the
present widespread work in angle modulation and differentially
encoded systems, efficient methods for computing Je(k, x)
not included in the published tables are desirable. In this note,
we introduce two computationally efficient series representa-
tions for fe(k, x). It can be shown from [2, eq. 16] and I3
eq. 13] that

v U U 4 e—(U—VcosB)
fel — =———[ a6 .
U W o n 4 U-Vecos8
1r - L {7\ 2\"
v v ()2
A 2w n=on! \ 2 w

U
[;j L2y (W) + Lu_(172)(W) (2)
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