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Abstract—With recent developments in ad hoc networks and
sensor networks, random-access protocol without feedback is
a technique that deserves a closer look. This paper is based on
Massey’s model on random-access channel without feedback. A
central concept of this model is the idea of protocol sequences.
For these sequences, it is desirable that their cross correlation
should be as low as possible and that the length of their period
should not be too long, even if there is a large number of active
users. Another useful feature is to be able to support multirate
communication. Based on these considerations, a new family of
protocol sequences is proposed in this paper. These new protocol
sequences are built on the concept of prime sequences. It is shown
that these sequences possess properties that make them suitable
candidates for designing random access protocols for certain ad
hoc or sensor networks.

Index Terms—Hamming cross-correlation function, linear con-
gruence sequence, prime sequence, protocol sequence, random-
access channel without feedback, wobbling sequence.

1. INTRODUCTION

HE idea of using deterministic coding sequences to de-
fine random-access protocol without feedback can be
traced back to the seminal work of Massey and Mathys [1],
[2]. Nguyen, Lészl6, and Massey [3] made a subsequent key
contribution by applying constant-weight cyclically permutable
codes to this problem. Other related works were reported in
[4]-[7]. With recent developments in ad hoc networks, sensor
networks, and radio-frequency identification (RFID), the issue
of designing simple and efficient multiple-access algorithms
for these systems calls for a revisit of this approach. Sensor net-
works (see, for example, [8]-[11]) pose an interesting challenge
in particular. In addition to having a large number of devices
distributed over a dynamically changing network topology,
the sensors typically have very stringent size and power con-
sumption requirements. Hence, it is desirable to implement
simple random-access protocols that do not require frequent
monitoring of the channel for feedback information and can
avoid complicated processing such as back-off algorithm or
random number generation.
A central concept in Massey’s approach is the protocol se-
quence. A protocol sequence is a periodic binary sequence as-
signed to each user, which succinctly captures the information
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of when a user can transmit (sequence values equal to 1) and
when to remain silent (sequence value equal to 0). Evaluating
the performance of protocol sequences is a complicated issue
and the outcome is dependent to some degree on the nature of
the intended application. Nevertheless, the following criteria are
commonly considered.

1. The number of active users that can be supported simulta-
neously.

2. Throughput performance, measured for example by the
amount of successful transmissions that can be guaranteed
in a common period.

3. The length of the shortest common period for all active
users. A shorter period tends to ensure less variability in
performance.

4. The maximum number of distinct sequences that can be
defined.

5. Support for multirate users. To do so, a scheme should
include protocol sequences with a variety of duty factors.
This is desirable since different sensors or communication
nodes may have different data rate requirements.

6. Overhead issues. One example is the overhead for ad-
dressing the identification problem which deals with the
issue of identifying the sender of a successfully received
packet [2], [3].

Protocol sequences proposed in the literature provide dif-
ferent performance guarantees with regard to these criteria. It
this paper, we propose a new family of protocol sequences,
called the wobbling sequences, and discuss their performance
characteristics with respect to the criteria described.

The construction of these sequences is based on the con-
cept of prime sequences. Prime sequences were proposed by
Shaar and Davies [12] and independently by Prucnal and his
coworkers [13], around the same time when [1] was published.
It was observed by Shaar that prime sequences are closely re-
lated to the frequency-hopping sequences introduced by Title-
baum [14] in 1981. The concept of a prime sequence has been
further extended, such as in [15]-[18], with a particular view to-
wards optical communication applications.

Wobbling sequences are periodic binary sequences. They
have cross-correlation properties making them suitable for
defining random-access protocols without feedback. It will be
shown that these sequences are easy to generate and to decode.
Protocols based on these sequences can accommodate a large
number of active users and enjoy good sum rate. The period
of these sequences does not grow exponentially as a function
of the number of active users. For example, for the symmetric
case where all users have equal rates, the minimum period of
these sequences can be set to be the fourth power of the number
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of active users. The proposed protocol sequences can also
accommodate multirate channels. However, a drawback of the
scheme is that additional overhead bits are required in order to
identify the packets, although such overheads are not unusual in
multiple-access channel (MAC) protocols. (As an example, one
can consider the MAC frame format specified in IEEE 802.11
[19].) Moreover, throughput lost due to such overheads can be
made small if the amount of user data sent per transmission
session is sufficiently large. For sensor network applications,
the required data rate may be low, but the total amount of data to
be transmitted over a session may be large. For example, each
measurement from a sensor may be contained in a small-sized
packet, but the measurements need to be repeated many times
over a session. For such applications, initialization packets can
be sent at the beginning of a transmission session, but overhead
bits in subsequent packets in the same session can be avoided
as explained in Section VI.

The organization of the rest of the paper is as follows. In
Section II, we recall the basic communication model used by
Massey to describe the random-access channel without feed-
back. This is the basic model assumed in this paper. Notations
and definitions used in the later sections are also introduced.
In Section III, we introduce the linear congruence sequences,
which are a simple generalization of the prime sequences. These
sequences are then used to construct the wobbling sequences in-
troduced in this paper. Basic correlation properties of linear con-
gruence sequences are presented in Section IV. The wobbling
sequences are introduced in Section V along with descriptions
of their fundamental correlation properties. In Section VI, we
present the performance characteristics of a random-accessing
scheme based on the wobbling sequences. Concluding remarks
are provided in Section VII.

II. A RANDOM ACCESS CHANNEL MODEL
WITHOUT FEEDBACK

A model for a collision channel without feedback has been
considered previously in [1], [2]. We adopt this model here.
Consider a communication channel that is shared by M ac-
tive users. It is assumed that each of these users has an infinite
backlog of packets to send. The channel is divided into time
slots of equal duration. The users know the slot boundaries but
are otherwise unsynchronized. Following [1], [2] we define a
protocol sequence, S = {5(0),S(1),...}, to be a binary se-
quence. An active user is said to transmit according to a pro-
tocol sequence S if the user transmits a packet at time slot ¢ if
and only if S(¢) = 1. A receiver in the system listens to all time
slots. (This assumption can be relaxed but it will not be consid-
ered here.) At any time slot, if only a single user transmits, the
intended receiver can receive the packet correctly. The receiver
then identifies who the sender of the packet is and decodes its
content. If more than one user transmits, a collision occurs and
all transmitted packets in that time slot are lost. It is further as-
sumed that users employ coding across packets to recover data
lost due to collisions. For practical considerations, one would
like to remove the assumption that the slot boundaries are syn-
chronized. It is, in fact, possible to do so and to allow the users
to be completely unsynchronized. However, this more general
scenario is not considered in this paper.
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For a periodic binary sequence .S with a minimum period V,
following [2], define its duty factor by

N-1
r=Y"S(i)/N. (2.0)
1=0

Users employing different duty factors transmit at different
data rates. Given a protocol sequence set, denote the total
number of distinct sequences that are defined by 7. Denote the
shortest common period of a sequence by N. If M users are
active, let o represent the minimum number of packets that can
be sent by any user without suffering any collision within one
period. For a protocol sequence set in which all sequences have
the same duty factor, for example, when binary constant-weight
cyclically permutable codes are used [3], [5], the ordered set
(T,M,N,o) is an important characteristic of the protocol
sequence set.

Define the rate of a sequence as the ratio o /N. The sum of
the rates of all active users is referred to as the sum rate. For the
case where the rates of all the users are symmetric, it has been
shown in [2] that there exist protocol sequences with sum rate
approaches 1/e as the number of active users tends to infinity.
However, the period of these protocol sequences grows expo-
nentially in M.

Sum rate is one way to measure the throughput performance
of a protocol sequence set. For some sensor network or RFID
applications, the required transmission data rate may be low,
however, it is important to ensure that all transmitters can suc-
cessfully transmit information at least once in a given time pe-
riod, say in N time slots. We call such a property un-suppress-
ibility. All protocol sequences reported in [1]-[7] can guarantee
un-suppressibility, however the condition under which un-sup-
pressibility can be guaranteed varies. These conditions include
the maximum number of active users allowed and the length of
the guarantee period N.

In some applications, transmitters are required to transmit
at different data rate. However, not all protocol sequence sets
proposed in the literature can support multirate sequences. For
example, protocol sequences defined by using constant-weight
cyclically permutable codes all have the same duty factor.
The approach taken in [2], [7] allows simultaneous users with
different duty factors. However, construction of the protocol
sequences depends explicitly on the combination of the duty
factors; different combinations may lead to different protocol
sequences. In the approach proposed in this paper, multirate
sequences are supported, although not all rates are permissible.
The formulation of a sequence depends on its duty factor but
is otherwise independent of other sequences. Hence, users
requiring different duty factors can join or leave the system
dynamically without affecting the protocol sequences of other
users.

The protocol sequence set proposed in this paper is defined
by means of a family of binary sequences called the wobbling
sequences. It will be shown that such a protocol sequence set
has good sum rate performance, allows for multirate transmis-
sions, and can guarantee un-suppressibility for a large number
of active users.
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For construction of the proposed sequences, we need to em-
ploy some elementary number-theoretic concepts and notation.
To fix ideas for subsequent discussions, recall that a prime is a
positive integer that has no factor other than 1 and itself. Two
distinct positive integers are relatively prime to each other if they
have no common factors other than 1. Note that 1 is always rel-
atively prime to any number. We represent the highest common
factor of two integers a and b by HCF(a,b). If z is a real
number, the notation |z | represents the largest integer less than
orequal to z and [z] represents the smallest integer greater than
or equal to . Given two real numbers a and b, let a Vb denote the
maximum number; hence,0V0 =0, OV1 =1v0=1Vv1l =1.
Given three (possibly negative) integers a, b, and ¢, the equation

a=b (mod c) 2.1
holds if and only if there exists an integer [ (possibly negative)
such that

a=>b+lc. 2.2)

III. LINEAR CONGRUENCE SEQUENCES

Let S = {S(i), i =0, 1, ...} be a binary sequence. Such
a sequence can also be represented by indexing the positions at
which it assumes the value of 1. That is, one can represent S by
{Is(7), 1 =1, 2, ...}, where I5(3) denotes the position at
which the sth entry of “1” in S appears. The following lemma
relates the duty factor with the period of a sequence.

Lemma 1: If the sequence S is periodic with period N then
for all nonnegative integers ¢
Is(t+TN):Is(t)+N (30)
where 7 is the duty factor of the sequence. Conversely, if for all
nonnegative integers ¢
Is(t+ M)=1Is(t)+ N 3.1

then S is periodic with period N and the duty factor of S is
M/N.

The proof of this result is straightforward and is omitted.

The concept of prime sequences was introduced in [12]-[14];
it can be generalized to nonprimes. Let [ be a positive integer
and b be a nonnegative integer such that b < [. Define the linear
congruence sequence generated by (b, 1) as follows.

Definition 1: Let S = {S(i), i = 0, 1, ...} represent the
linear congruence sequence generated by (b, [), then

Is(i) = il +ib — {%J l. (3.2)

The integer b is known as the key generator of the sequence.
When [ is a prime, the sequence defined in (3.2) is simply a
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prime sequence ([12], [13]). The following result for linear con-
gruence sequences is well known for prime sequences; it is in-
cluded here for the sake of completeness.

Proposition 1: The minimum period of the linear congruence
sequence generated by (b, 1) divides [? and has a duty factor
of 1/1. If b and [ are relatively prime, then /? is the minimum
period.

The proof of this result, which is based directly on the rep-
resentation (3.2), is provided in Appendix A. As an illustrative
example, the sequence generated by (3, 9) has an I representa-
tion (0,12, 24, 27,39, 51, 54, 66, 78,81, . . .) and a period of 27,
which divides 81. On the other hand, the sequence generated by
(2,9) has a period of 81.

If one considers the difference between two neighboring ele-
ments in a linear congruence sequence, one can see that

Is(i+1) = Is(i) = [+ b— Q(HII)I’J - {%J) I (33)

The sequence defined by

(R

is well known as a most regular binary sequence. (See, for ex-
ample, [20] and also [21].)

IV. CORRELATION PROPERTIES OF LINEAR
CONGRUENCE SEQUENCES
Definition 2: Let S; = {S1(¢)} and Sy = {S2(i)} be two
periodic binary sequences with a common period N. As in

[22], define the Hamming cross-correlation function between
{S51(7)} and {S2(7)} for a shift s by

N-1

Hes,(s) = 3 $1(0)Sa(i + s).

=0

(4.0)

In this paper, we prefer to use a normalized form of the Ham-
ming cross-correlation function

N-1

Hs,s,(s) = > S1(i)Sa(i + 5)/N.

1=0

“.1)

A nice property of the normalized form is that it always yields
the same value no matter what common period is used. If b1 =
bo, then the function in (4.1) is a normalized Hamming autocor-
relation function. Note that for any integer j

o jH+N—1
Hs,s(s)= 3. Si(i)Sa(i+s)/N.

i=j

4.2)

If one averages the normalized cross-correlation function
over all shifts, the average value is simply the product of the
duty factors of the sequences. This is a well-known fundamental
result [23].
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Lemma 2 [23]: Let S; and S5 be periodic sequences with
period N and duty factors 7y and 5 respectively. Then

N—-1
> Hs,s,(s) =i N. 4.3)
s=0

It is known that the cross-correlation function for prime se-
quences has a maximum value of 2. This is not true for linear
congruence sequences in general. However, the following result
holds.

Theorem 1: Letl, by, and by be integers satisfying 0 <by <[,
0<1b < l, b1 7é bo, and HCF(|62 —bl|, l) = 1. Let S;
and S5 be the linear congruence sequences generated by (b1, )
and (b, 1), respectively. For any shift s, 0 < s < [?, the
normalized Hamming cross-correlation function satisfies

Hs,s,(s) <2/1* =212 (4.4)

where r = 1/ is the duty factor of the sequence. Moreover, for
if b = 0 or by = 0, then
Hs,s,(s) =17, 4.5)

The proof of this theorem is provided in Appendix B.

If [ is a prime number, the relative prime condition of The-
orem 1 is automatically satisfied. Hence, Theorem 1 is a gen-
eralization of the result in [12]. In subsequent discussions, we
also need to investigate the autocorrelation property of these
sequences. In particular, the following basic property of linear
congruence sequences is needed for the construction of wob-
bling sequences.

Proposition 2: Let [ and b satisfy 0 < b < [, and let S be a
linear congruence sequence generated by (b, ). Ifb =0

Hss(il) =1/1

Hss(s) =0,  ifs#il (4.6)

For the case 0 < b < [ with [ and b relatively prime

Hss(0)=1/1

=1
Hss(il) =0,  fori=1,...,1—1. 4.7

Moreover, given any integer ¢y with 0 < ¢g < [, let ¢; be the
unique solution that satisfies 0 < ¢; < [, and

c1b = ¢ (mod ). (4.8)

Then Hgs(co + c1l) and Hss(co + (c1 — 1)1) are the only
nonzero terms for shifts of the form cq +il. I? H s5(co + c11) is
equal to the number of integers n satisfying 0 < n < [, and

co 4+ nb — VTbJ 1< 4.9)

I?Hss(co + (c1 — 1)) is equal to the number of integers n
satisfying 0 < n < [ and

co +nb— Ln—bJ 1> 1. (4.10)

l
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Proof: Equations (4.6) and (4.7) are straightforward. The
proof of the rest of the proposition mimics the proof of The-
orem 1. In particular, the inequalities (4.9) and (4.10) are the
corresponding versions of (B9) and (B15). Details are omitted.

O
Note that (4.9) and (4.10) imply that

FSS(CO + Cll) +F55(CO + (Cl — l)l) = l/l

It is also clear that Hss(s) is strictly less than 1/ if both
the generator of the sequence and the shift are positive. How-
ever, it can achieve values of up to 1/l — 1/1 2 In other words,
it is possible to resolve the relative shifts of .S by means of au-
tocorrelation. However, the resolution is not robust to error and
interference.

The following cross-correlation property of linear congru-
ence sequences is crucial to the construction of wobbling
sequences.

.11

Proposition 3: Let [, by, and by be integers satisfying the
conditions stated in Theorem 1. For 2 = 1,2, let S; be a linear
congruence sequence generated by (b;, [), respectively. Then
for any integers ¢, d, with0 < ¢y <l—1land1 <d<Il—-1,
the following holds:

d—1

d—1 — ) d+1
7 < > Hs,s,(co+il) < 7 (4.12a)
=0
and
-1 o
> Hs,s,(co+il) = 1/1. (4.12b)

=0

The proof of this proposition is provided in Appendix C.

When the period of a linear congruence sequence is a power
of a prime number, the following theorem explicitly describes
the distribution of the cross-correlation values as a function of
the shift value.

Theorem 2: Letl = p' be the power of a prime number and let
integers b; and bo satisfy the conditions: 0 < by < [, 0 < by <
l, by # be, and HCF(|by — b1|,p) = 1. Denote by S; and Sy
the linear congruence sequences generated by (b1, 1) and (bs, 1),
respectively. Let k, satisfying, 0 < k < [ — 1, be the unique
solution to

k(bg — bl) = b1b2 (mod l) (413)

Then, for shifts varying between 0 and /2 — 1, (I — k)k of them
satisfy the cross-correlation value

Hg,s,(s) =2/, (4.14)
(I — k)E of them satisfy
FSISQ (8) = 0./ (415)
and [? + 2k? — 2kl of them satisfy
Hgs,s,(s) = 1/1% (4.16)

Proof of this theorem is provided in Appendix D.
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TABLE I
HSISQ (CO + 801) = 64H5152(C0 + 8C1)

Value of ¢,

0] 1] 23] 4]s5]6]7

o] 1 [ 2o 20 /1] 11
1o 2]0 2 1]1]1

21 20210111

Value 37777 [0 [ 2 [0 | 2| 1|11
ofe, (4] 1 |20 ] 2] 01|11
510202111

6] 1 | 2o 20111

701 o202 1] 11

For example, if Sy is the linear congruence sequence gener-
ated by (1,8) and Sy by (4, 8), then k in (4.13) is equal to 4.
As shown in Table I, there are 16 shifts with a cross-correlation
value of 2 (that is, a normalized value of 2/64) and 16 shifts
with value of 0.

Theorem 2 shows that in general the normalized cross-cor-
relation function between two linear congruence sequences is
2/1? for some shifts. So the bound in Theorem 1 is tight. On
the other hand, one can show that for any two linear congru-
ence sequences with period [ and duty factor 1//, the normal-
ized cross-correlation function between them must be equal to
or bigger than 1/1% for some shifts. Hence, a natural question
is whether there are families of periodic sequences with period
12 and duty factor 1/I such that the normalized cross-correla-
tion function between any two sequences is exactly 1//? for any
shift.

In [24] (see also [18]), the concept of an extended prime se-
quence was introduced by padding extra zeroes in the prime
sequences. It was shown that the maximum cross correlation
for these sequences is 1. However, there are only p distinct se-
quences, with a duty factor of 1/p before padding and a common
period of p(2p — 1). So after padding, the duty factor of these
sequences is roughly 1/(2p) with at most p active users. In [25],
a different approach to this question was presented. In that case,
the system can support p distinct sequences each with a duty
factor of 1/p. However, a drawback of that approach is that
the period of the sequences is exponential in p. We address this
problem here by means of the wobbling sequences to be intro-
duced in Section V.

Theorem 1 describes the Hamming cross-correlation function
for linear congruence sequences with the same duty factor. To
support multirate channels, sequences with different duty fac-
tors are needed. We present below a cross-correlation relation
result for linear congruence sequences with different duty fac-
tors. First, the following lemma holds.

Lemma 3: Let [y and l5 be positive integers, such that [; =
qls for some ¢ that is a power of 5. Let by and by be positive
integers relatively prime to /;. For any 0 < s < [y, the equation

n1b1
Iy

b
nale + noby — VL? 2

J12=n111+n1b1—{ Jl1+3

(4.17)

2

has at least ¢ distinct solutions with 0 < ny < [;.

Proof of this result is presented in Appendix E.
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Remark: One can check directly that this result still holds if
we let bo = 0 while keeping b; relatively prime to [;. However,
the result does not hold for b; = 0.

Let /3 and l5 be positive integers, such that [; = gl for some
q that is a power of [ and let b; be a positive integer and by
be a nonnegative integer. It is further assumed that by and bo (if
it is nonzero) are relatively prime to /1. Let S; and Ss be the
linear congruence sequence generated by (b1, {1) and (b2, [2),
respectively. S; and S have a period /7 with duty factors r; =
1/ly and ro = 1/I5, respectively. Hence, the cross-correlation
function between the two sequences is well defined.

Theorem 3: For the linear congruence sequences S; and S
previously defined

FSIS2 (8) = q/l% =Trinr2 (4.18)

for all nonnegative s.

Proof: For any s, with 0 < s < I1,1?H s, s, () is equal to
the number of solutions, (n1, ns) to (4.17) with 0 < ny < [3.
By Lemma 3

IiHs,s,(s) > q. (4.19)

By Lemma 2

171 12
> Hs,s,(t) = rimalf = ﬁ =q (4.20)
b2
t=0
It follows that the inequality in (4.19) must in fact be an equality.
]

Corollary: Let l; and l5 be positive integers, such that [} =

qlo for some q that is a power of l5. Let by and b be positive

integers relatively prime to /1. For any 0 < s, the equation

n1by

b
12 ZJ Iy = n1l1+n1b1—{ ]
1

naly+ngby— { ]
2

J Li+s (421)

has exactly ¢ distinct solutions over any time period starting
fromi, 0 <i<mny <i+l.

V. WOBBLING SEQUENCES AND THEIR
CORRELATION PROPERTIES

In subsequent discussions, we consider / to be a power of a
prime number. That is

l=p' (5.0)

for some prime number p and positive integer ;. We call the
corresponding linear congruence sequence, a prime power se-
quence. For 0 < b < [, denote by S ; the prime power se-
quence generated by (b, 1). Let L represent the operator that
shifts a sequence by one element to the left. That is

LS(i) = S(i + 1). (5.1)

Definition 3: Letl = p, with i > 2, be a prime power. Let b
be an integer satisfying 0 < b < p.For1 < d < p, the wobbling
sequence generated by (b, I, d), W,y 4, is defined by

Wb,lyd(i)zsb,l(i)VLle’l(’i)VLZle,l(i)V- .- \/L<d_1)lsb,l(i).
(5.2)
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Forb=0and 1 < d < p, Wy, , 4 is defined by

W()_’l’d(i): So_’l(i) \ LS()J(’L.) \Y LQSOJ(’L.) V.-V Ldilsovl(i).
5.3)

Proposition 4: For |l = p' withi > 2,1 < d < p, and
0 < b < p, the wobbling sequence W}, ; 4, has a duty factor
equal to d/I.
Proof: Forthe case 0 < b < p, b and [ are relatively prime.
By (4.7), the cross correlation between L’ le,l and L* Sy, for
any pair of distinct, nonnegative integers j and k is zero. Simi-
larly, (4.6) ensures that the cross correlation between L’ So,1 and
LkSOJ for any pair of distinct, nonnegative integers 0 < j < p
and 0 < k < p is zero. Hence, in both cases, the number of
the occurrences of “1” in Wy, ¢, 4 is d times the number of the
occurrences of “1” in Sy, ;, and the duty factor of Wy, ; 4is d/l
as claimed. O

The same arguments also show that for 0 < b < p, W ; 4 is
a binary sequence that can be represented as

Wh.1,a(4) :Sb,l(i)+Lle,l(i)+L2le,l(i)+' . '+L(d_l)ls’b,l(i)
d-1
= Sb,l(i + jl)

i=0

54

For b = 0, Wy, 4 is a binary sequence that can be represented
as

Wo,1,4(i) =S0,1(4) + LS, (i) + L So 1 (i) + - - - + L' So1(4)

d—1
= So,1(i 4+ 7) (5.5)
j=0
For illustration, consider the case p = 3,1 = 102 = 9.

The linear congruence sequence S ¢ has an Ig representation
(0,10, 20, 30, 40, 50, 60, 70, 80, . ..). L°S; g and L'®S; g can
be represented by (1,11,21,31,41,51,61,71,72,...) and
(2,12,22,32,42,52,62,63,73,...), respectively. The wob-
bling sequence W g 3 is then defined to be

(0,1,2,10,11,12, 20, 21, 22, 30, 31, 32, 40, 41, 42, 50, 51, 52,
60,61,62,63,70,71,72,73,80,...) .

The duty factor of this sequence is 1/3 and its period is 81.
Theorem 4: Let Wy = Wy, 4 q, and Wy = Wy, 4, where

0<br <p,0<by<p, by #bg,1<dy <p,1<dy <p.If
b1bs > 0, then for all shift s

— di(ds +1 de +1
Hw,w,(s) < t 122 ) 2d2 "

172 (5.6)

where r1 = dy/l, ro = da/ are the duty factors of the respec-
tive sequences. If b1b62 = 0, then

lewz(s) =Trir2. 6.7

Proof: From (5.4) and (5.5) it follows that if b1 b > 0, then

di—1ds—1

FIVI"VQ (S) = Z Z H51,52 (S + 4l +_jl)
i=0 j—=0

(5.8)
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By Proposition 3, (5.8) can be reduced to the inequality
Wldy+1 di(dy+1)
-7 2 1(d2
Hww,(s) < Y —p—=—73 (5.9)
i=0
Ifb, =0
d] -1 d2—1
Hw,w,(s)=>_ Y Hs, s,(s+i+jl). (5.10)
=0 75=0

Equation (5.7) follows from Theorem 1. The case b = 0 can
be proven similarly. O

Theorem 5: Let p be a prime number and I, = p* for some
positive integer ¢ with ¢ > 2. Let [; = ¢ls for some ¢ that is a
power of [5. Let b; and by be integers satisfying 0 < by < p,
0<by <pForl1<d; <p,1<dy<pletWy =Wy 1, 4,
and Wy = Wy, 1, 4, withrespective duty factor 1 = dy /l; and
To = dz/lz. Then

FW&VVZ (S) =T1T9 (511)

for all nonnegative s.
Proof: This proof is similar to Theorem 4. It follows from
(5.4) and (5.5) together with Theorem 3. O

Definition 4: For any prime p and integer d with 1 < d < p,
construct a family of binary sequences F',,(d) as follows.
1. The wobbling sequence Wy ;> 4 is in F,(d).
2. Fori =1, 2, ... ,let 7 = 2°. For all such 5 and for all b
satisfying 0 < b < p, the wobbling sequences W, ,; 4 are
in Fp(d).

Remark: There are infinite number of sequences in F'j,(d)
with different duty factors and periods. The periods of se-
quences in F,(d) are of the form, p*, p® p'®, ... with duty
factors d/p?,d/p*,d/p®, ..., respectively.

VI. BASIC PERFORMANCE OF WOBBLING SEQUENCES

Theorem 6: Consider the case W = {W,, i=1,..., K}
consisting of elements in F,(p) (note that d = p) with a
common period N. Let r; represent the duty factor of W;.
Assume that W satisfies the condition

K
}:mgl. (6.0)
j=1

Then for any W; and any combinations of shifts, s1,...,s;_1,

Si+1,---,SK, the following inequality holds:

K R—
ZHVViW'j(Sj) < Ti(l —Ti/p). (6.1)
j=1
J#i

Proof: Let the duty factor of W; be r;. Let v be the total
number of sequences in the set W with duty factors equal to
r;. By definition of F',(d), all these sequences are of the form
Wi, with the same [ and d but different generators, b. Since
there are at most p such generators

v < p. (6.2)
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By Theorem 4 and 5

K
Z Hy,w,(s;)
j=1

J#L
N o PEL e
< T’LT;H i+ v ( 1) i
<ri[(T=wvr) + (14 1/p)(v — 1)ry]
=ri[l = (1+1/p)ri +vri/p]
=ri[l —ri+ (v—1ri/p)] <ri(L—7ri/p) (63)
O

Proposition 5: For a system of wobbling sequences of the
form W, ,,» 4 for a fixed d satisfying 1 < d < p, and all gen-
erators b satisfying 0 < b < p, the sum rate Ry, has a lower
bound

dp® — d(p —1)(dp +p — 2)
pt

Proof: There are a total of p users in the system with a
common period of p*. For a user using a nonzero generator, the
number of collisions in a period of p* slots with another user
who is also using a nonzero generator, is bounded above by
d(d + 1) according to Theorem 4. There are (p — 2) such other
users. On the other hand, there is one user using the generator
zero. The number of collisions with this user is d2. Hence, the
number of successful transmission for one of the p — 1 users
using a nonzero generator is bounded below by

RSU[II >

. (6.4)

dp* —d(d +1)(p — 2) — d*. 6.5)

For a user using the generator zero, the number of successful
transmission is bounded below by

dp* — d*(p — 1). (6.6)

The proposition then follows from combining these lower

bounds. |

We can now compare the performance of the wobbling se-
quences with the protocol sequences proposed in [2], [3], [5]
with regard to the criterions stated previously.

Given any number of active users M with duty factors p; =
qi/q, E?il p; = 1, the protocol sequences proposed by Massey
and Mathys have a common period of N = ¢, which is of
exponential growth in M. The sum rate is given by

Epv‘, H (1 —pj)-

i=1 i

6.7)

If p, = 1/M and M tends to infinity, then the sum rate
tends to 1/e. The un-suppressibility property holds for this
scheme and multirate protocols can be supported. However,
the protocol sequences are dependent on the duty factor vector

problem without extra overhead; however, to find the packet
location, a user has to send out initialization packets in the
initial transmission periods [2].
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Constant-weight cyclically permutable codes are used in
[3], [5] which are constructed by means of linear cyclic codes
over GF (p) (with p a prime) and a clever application of the
Chinese Remainder Theorem correspondence. Performance of
such sequences depends on the linear cyclic codes used and
is complicated to analyze. However, some estimates based
on Reed-Solomon (RS) or Bose—Chaudhuri-Hocquenghem
(BCH) codes are presented in [5]. Recall that the quadruple
(T, M, N, o) captures the key performance characteristics of
such protocol sequences. For the B* code constructed in [5]

T :p(k—Z)s
N =p(p*-1)
w=p°—1

w—1 w— 0o

AR

de >2(p° =1 —(k—=1)p°1h).

(6.8)

Here, 1 < s, 3 < k < p — 1 are code parameters, w is the
Hamming weight, and d.. is the cyclic minimum distance, which
is defined to be the minimum Hamming distance from a code-
word to its cyclic shifts or to cyclic shifts of another codeword
[5]. To guarantee un-suppressibility, it follows from (6.8) that
the number of active users that can be supported is

w—1 ps—2

For large p, the lower bound is roughly equal to [p/(k — 1)].
If one uses this as an estimate of the number of active users,
then at most [p/2] users can be supported, since k& > 3. In this
case, the sum of the duty factors of all the active users roughly
equals 1/2 only. Moreover, according to [5], for large p, the
lower bound for the sum rate is

1

Roym ~ ——.

=1 (6.10)

Multirate sequence is not supported by this approach. How-
ever, there is no additional overhead for handling the identifica-
tion problem or the packet location problem.

For wobbling sequences, there are p sequences with a period
p* and a duty factor d/p?, p — 1 sequences with a period p®
and a duty factor d/p*. For the case d = p, that is, if F',,(p) is
used as the protocol sequence set, then as long as the total sum
of duty factors does not exceed 1, then over a common period,
say N slots, Theorem 6 guarantees that for any user with duty
factor r;, the user can transmit at least

Nr?/p (6.11)

packets that will not be blocked by other users. Hence, the
un-suppressibility property can be guaranteed as long as (6.0)
holds. In particular, if one uses only wobbling sequences of
the form W, ,,> ,,, then there are p distinct sequences to support
p active users, so that M = p and the period N = p* is
polynomial in M unlike the sequences of Massey and Mathys.
Moreover, p unblocked slots can be guaranteed once every
cycle of p* slots. Unlike the constant-weight cyclically per-
mutable code approach, multirate users can be supported by
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using wobbling sequences and the sequence formulations are
independent of the duty factors of other users.

On the other hand, a drawback of the wobbling sequences is
that overheads are needed for solving the identification problem
and the packet location problem. One can deduce from Propo-
sition 2 that the autocorrelation function for linear congruence
sequences is not strong enough to uniquely identifying a se-
quence when other users are also transmitting. This holds true
for wobbling sequences. One simple approach to address the
identification and the packet location problem is to require a
user to precede the payload data transmission with initializa-
tion packets at the first transmission period. This approach is
similar to the approach taken in [2] to solve the packet loca-
tion problem. Each initialization packet in the first transmission
period for that user should contain a user identity, a key gen-
erator, a packet sequence number, and duty factor information.
This information packet is sent repeatedly during the first trans-
mission period according to the protocol sequence assigned to
the user. With the un-suppressibility condition being satisfied, a
receiver is guaranteed to receive at least one uncorrupted initial-
ization packet from this user. The duty factor information then
enables the receiver to identify the period of the sequence used
by this particular user. With the other information provided, the
receiver is able to uniquely identify transmissions in subsequent
periods from this user even if those packets no longer contain
any identity information. (If other users start to transmit at sub-
sequent periods, more packets may become corrupted, but these
events are detectable by the receiver.) To decode the payload in-
formation, packets from each period are grouped together; cor-
rupted packets from a user in the same period can be treated as
“erasures.” Coding and decoding can then follow the approach
described in [2] provided a minimum number of uncorrupted
packets from a user can be guaranteed.

If the transmissions from users are sporadic and do not last
over many sequence periods, then a second approach is to re-
quire the identity information be contained in each packet. This
is suitable if the maximum number of active users and the max-
imum sequence numbers are relatively small in comparison to
the data payload. As radio transmission technology improves,
even for RFID systems, which are considered to be extremely
low data rate, the popular EPC Class-1 Generation-2 standard
specifies that the number of bits in a burst can range from 32 to
528 bits, with 16 protocol control bits [27]. If the identity over-
head requires only a few additional bits, this second approach
may not cause a heavy burden on system performance.

To obtain a protocol sequence with good sum rate perfor-
mance, one can consider a system consisting of all wobbling
sequences of the form W), ;2 4 for a fixed d. If p > 2 is a prime
then it follows that for d = (p+ 1)/2, a lower bound of the sum
rate is

(p+1)(p*—2p* 4+ Tp—4)
4pt )

Reum > 6.12)

As p approaches infinity, the lower bound approaches 1/4.
This is lower than the theoretical limit of 1/e that can be
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achieved by the sequences of Massey and Mathys. However,
it is higher than the lower bound in (6.10). Note that this is a
lower bound only; the actual throughput could be higher.

For illustration, consider the case p = 3 and d = 2, the max-
imum cross correlation between Wy g2 and Wy g2 is 4. The
maximum cross correlation between Wy g2 and Wy g o is 4.
The maximum cross correlation between Wi g » and Wy g 5 is
6. Hence, there are at least 26 successful transmissions, yielding
a lower sum rate bound of 26/81 as predicted by (6.12). By
simulation, the actual minimum throughput of the system is in-
deed 26.

If one increases d to 3, then according to the lower bound
(6.4), there sum rate is at least 7/27, which is lower than the d =
2 case. Simulation shows that the actual minimum throughput
is 29/81 and is higher than the d = 2 case. In comparison, ac-
cording to [3] and [5], the minimum sum rate achieved using RS
or BCH is 3/26. Of course, in these cases, there are no identity
overheads.

VII. CONCLUSION

Building on the idea of prime sequences, a new class of binary
sequences with desirable cross-correlation properties is intro-
duced. The wobbling sequences are shown to be suitable candi-
dates for serving as protocol sequences. The performance char-
acteristics of wobbling sequence are quite different from other
traditional protocol sequences. Hence, they can offer alternative
design options for MAC protocols, in particular for applications
to sensor networks or RFID systems. The approach introduced
here may also lead to constructions of other binary sequence
families with interesting cross-correlation properties.

APPENDIX A

Proof of Proposition 1: 1t is easy to check that for all ¢

Is(t+ 1) =+ 0Dl+(t+1)b— V“;MJ l

:tlthb—WquLl2

=Is(t) + I*. (A0)

Hence, /2 is a period of the (b, I) sequence and its minimum
period IV divides /2. It also follows that the duty factor of the
sequence is 1/1. Now assume that b and [ are relatively prime.
Suppose that M is a solution to (3.1) for the minimum period
N. From Lemma 1, it follows that

N = MI. (A1)
Moreover, for all nonnegative integers ¢
t+ M)b
(t+ M)+ (t+ M)b— {%J !
th
=tl+tb— {TJ l+N. (A2)
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Position of the n,-th “1” of §, is given
by nl+nb, —\_n,bl /lJl

v
T LT s
T TN T
b ][] b ’ S,

a €{0,1}, b, €{0,1}  Position of the n,-th “1” of S, is

given by n,l+n,b, - anb: /lJl

Fig. 1. Computation of 12H51 s, (8).

Hence, by choosing ¢ to be [, it follows that

Mb

Mb—{—leN—Ml:O. (A3)

l

This equality holds only if [ divides Mb. Since b and [ are

relatively prime, it follows that M is a multiple of /. In particular,

itis easy to check that M = [ indeed provides a solution to (3.1)
with

N =2 (A4)
Hence, /2 is the minimum period. O
APPENDIX B

Proof of Theorem 1: One can show that [?H g, s,(s) is
equal to the number of distinct solutions of the form (n,n2),
with 0 < ny < [, to the equation

7’le1
l

Naby

ngl-l-ngbg—\‘ Jl:nll—I—nlbl—\‘ JZ—FS (BO)

It also follows from (BO) or from Fig. 1 that if there is a so-
lution to (BO) of the form (n1,n2), with ny > 0, then ny > 0.
Represent s in the form c1l + ¢ with 0 < ¢g < 1,0 < 7 < I.

Then one can rewrite (B0O) as

l l
(B1)
By the definition of ¢ and the definition of |- |, the following
inequality holds:

b b
(nz—’n,1 —cl)l:nlbl — \‘nl IJ [+ co —nobo + \;nz QJ l.

b b
—l+1 Snlbl— \‘Tbl IJ l+Co—n2b2+ \‘nz 2Jl< 20— 1.
(B2)
Hence, a solution to (B1) must satisfy
_Jnmi+4+c or
nz_{n1+c1+1. (B3)
Assume the first case and set
{ = n (B4)
ng =n-+c
with 0 < n < [. Then (B1) is reduced to
n(b1 — b2) = —cp+ Cle (HlOd l) (BS)
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Since HCF(|by — b1],1) = 1 and by # b, there is one and
only one solution to (BS), n*, with 0 < n* < [. (See, for
example, [26].) Let

r1 =n*by (mod 1)
T2 ETL*bQ + Cle (mod l) (B6)
with 0 < 7y <[, 0 < 79 < [. From (B5) it follows that
ro =co+r1  (modl). (B7)

However, for a solution to (B1), the following equality must
hold:

T9 = Co + T1. (BS)
So, (B8) is satisfied by n* if and only if
co+r <l (B9)

Now consider the second case of (B3) holds. It follows that a
solution to (B1) satisfies

ne =n1+cp + 1. (B10)

For clarity in argument, denote 7 by m, 0 < m < [. Then,

(B1) becomes

I=mb; — {melJle co — (m+cr+1)bs + L@Jl
(B11)

Hence
m(by —bs) = —co+ (c1 + Dby (mod 1).  (B12)

Since HCF(|by — by|,1) = 1 and by # bo, there is one and only
one solution to (B12), m*, with 0 < m* < [. Let

(mod 1)
(mod ).

g1 =m*by

q2 Em*bg + (Cl + 1)b2 (B13)

with 0 < ¢1,q2 < [. Then, m™* is a solution to (B11) if and
only if

l=q+co—q (B14)
and the latter equation holds if and only if
co+q1 > l. (B15)

In summary, (B0) has two solutions (n1,n2) with 0 < ny <[
if both of the following inequalities hold:

cot+r <l
Bl
{ cot+aq>1 (B16)
where
71 =n*by (mod I)
{n*(b1 —bo) = —co+c1by (mod 1), 0<n*<; (B17)
and
q1 = m*by (mod [)
m*(bi—b2)=—co+(c1 + 1)by (mod 1), 0<m*<I.
(B18)
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There is only one solution if only one of the two inequalities in
(B16) holds. There is no solution if none of the two inequalities
holds. Hence

Hg,s,(s) <2/ (B19)
To complete the proof of the theorem note that if by = 0 or
by = 0, then
1 ={q1. (B20)
Therefore, exactly one equation in (B16) holds. O
APPENDIX C

Proof of Proposition 3: Let n(cy, 1), for 0 < i < [, be the
solution satisfying 0 < n(cg,4) < { — 1 and
n(Co,i)(bl — bg) = —co + ibs

(mod 1). (CO)

Similarly, define m(co,4) to be the solution satisfying
0 < m(ep,i) <1 —1and

m(607i)(b1 — bg) = —co + (L + 1)b2 (mod l) (Cl)

Hence

m(co,0) =n(co, 1), m(co,1)

=n(co,2), ..., m(co,l — 1) =n(cp,0). (C2)

Let r1(co, ) and q1 (co, %) be nonnegative integers less than [
satisfying

r1(co,) =n(co,i)by  (mod 1), qi(co,1)
=m(co,i)b1  (mod ). (C3)
Then
q1(c0,0) =71(co,1), q1(co, 1)
=71(c0,2), -+, qi(co,l = 1)=71(co,0). (C4)

If N(co, c1) represents the total number of distinct solutions
to (B16)—(B18) for the shift s = ¢y + ¢1/, then for 1 < d <
-1, Zf;ol N(ep, 1) is equal to the number of inequalities that
are satisfied in the following system:

7"1(C070) +co < l./
7"1(00, 1) +co < l,

q1(c0,0) +¢co > 1;
qi(co, 1) +co > 1

ri(co,d—1) +co <l, qi(co,d=1)+co >l (CS)

Due to (C4), 32971 N(co, i) is at least equal to d — 1 with the
possibility of upward adjustments from the “boundary terms”:
r1(co,0) (adding 1 if the corresponding inequality holds) and
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q1(co,d — 1) (adding 1 if the corresponding inequality holds.)
Hence

d—1

d—1< N(co,i)<d+1. (C6)
=0

Ford =1, r1(co,0) = q1(co,! — 1) so exactly one of the two
corresponding inequalities is valid, so

ZN(C(),Z) =1 (o))
i=0
O
APPENDIX D

Proof of Theorem 2: 1f by = 0 orby = Othenk = 0
and the result follows from Theorem 1. So assume b; > 0 and
by > 0.Letby = ap’ < I = p', by = ap’ < p', so
that HCF(ay,p) = 1 and HCF(aq,p) = 1. Since HCF (b —
by,p) = 1, it follows that j;jo = 0 and

J1+J2 <. (DO)
Define j = 71 + j2. To prove (4.14), let «, satisfying the
condition 0 < a < [ — 1, be the solution to
Oé(bl — bg) = b2 (mod l) (Dl)
One can show that « is of the form o= cgp?2, with (ag,p) =
1, so that
ag(by —by) = as  (mod p'I2). (D2)
It follows that 0 < a < p*~72. Let n(co, ), for 0 < ¢; < I,
be the solution satisfying 0 < n(cg,¢1) <! — 1 and
(D3)

n(Co,Cl)(bl — bg) = —co + Clbg (HlOd l)

Let r1(co, ¢1) be a nonnegative integer less than [ satisfying

r1(cg,c1) = n(cp,c1)by  (mod 1). (D4)
Denote n(cg, 0) by ng, then
(ng + cra)(by — b)) = — co + cra(by — b)
= —¢o+c1be  (mod ). (D5)
Hence
(ng + cra —n(co,c1))(by —ba) =0 (mod ).  (D6)
Since |by — be| and p are relatively prime, this implies
n(co,c1) =no + cra = ng + c1app’? (mod 1)
r1(co, c1) = a1nep” + craiaop’ (mod ). (D7)
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Since (aj g, p) = 1, as ¢1 cycles from 0 to ! — 1, r1(co, ¢1)
cycles through p*~7 distinct modulus / equivalent classes. One
can view this as a sequence of state transitions. Call this the
transition sequence for c¢o. Moreover, at each step ¢, whenever
r1(co, c1) crosses [ —cy, that is, whenever the following inequal-
ities hold simultaneously:

r1(co,c1) <l —co

7‘1(607 c1 + 1) Zl — Cp (DS)
the cross-correlation function at the corresponding shift ¢11 + ¢
is equal to 2/12. Label such a transition a 2-transition. We want
to count the number of 2-transitions as ¢y and c; cycle, respec-
tively, from O to [ — 1, because this yields the total number of
instances where the cross-correlation function is equal to 2/12.
Since j1j2 = 0, consider first the case jo = 0. In this case
r1(co,c1) = (a1ng + clalag)pjl (mod ). (D9)
For any fixed cg as ¢; cycles from 0 to [ —1, the state sequence
cycles through values from 0 to (p*~7* — 1)p?* in some order,
repeating p’! times. Note that changing the value of ¢y only
affects the starting point of the cycle sequence. Note also that
at a 2-transition

7"1(60761—{—1) > 7"1(60761). (DIO)
This implies that
r1(co,e1 + 1) =r1(co, ¢1) + [arc0p™] ,
:7‘1(60,61)4-[[)101]1. (D11)

Here, the notation [z], represents the value between 0 and [ — 1
that is (mod [)-equivalent to x. Note that from (D1)

bia(by — by) = bibs  (mod 1). (D12)
Hence
[b20] ; = k. (D13)
It follows from (D11) that there is no 2-transition if
ri(ecp,c1) > 1 — k. (D14)

Consider now transition states satisfying r1(cg,c¢1) < [ —
k. Represent such a state as x. There are totally (I — k)/p’t
such states, each being visited p’ times as ¢; cycles from 0
to [ — 1. Consider a transition jumping from z to x + k. For
different cq, such a transition occurs at different value of ¢y, but
nevertheless it will occur. It is not easy to characterize exactly at
what value of ¢y and c¢; that such a transition is a 2-transition. It
is, however, relatively easy to count the number of 2-transitions
as cg ranges from 0 to [ — 1. To do so, we want to count the
number of cases where such a transition from x to x + k crosses
the threshold | — ¢ in the sense defined by (DS8) as ¢q varies.
To satisfy (D8), the threshold value must lie in the interval [z 4+
1, @ 4 k]. So the number of 2-transitions affiliated with = as
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co varies is equal to the length of the jump, that is, k. Summing
over all the possible states of z, (I — k) /p’*) and counting their
multiplicity of occurrences (p!), one obtains the total number
of 2-tranisions as

(L= k)

o (D15)

Pk =(-k)k.

One can show that the same result occurs for the case
71 = 0 by using similar but slightly modified arguments.
Hence, the number of shifts such that Hg, s,(s) = 2/I? is
(I — k)k. By Lemma 2

-1

> Hs,s,(s) = 1. (D16)
s=0

So the number of shifts with Hs, 5,(s) = 1/1% is equal to
20— k)k
<1 — (172)> P =17+ 2k” — 2kL.

The rest of the theorem then follows. O

D17)

APPENDIX E

Proof of Lemma 3: Consider a fixed shift value s which
can be represented as

tly +u (E0)

with0 < u < Iy, 0 <t < q.For any fixed integer p;, satisfying
0 < p1 < lo, and any integer po, satisfying 0 < p2 < ¢/l2, we
want to construct an explicit solution to (4.17) parameterized by
(p1, p2)-

Let k£ denote the unique integer satisfying 0 < p; < ls and
the equation

_ Jp1—th (mod l3) ifpy > u,
Moo = {m — (t+1)by (mod l3) otherwise. (ED)
Define an integer j by

s JP1—U, lfplzu

1= {p1 —u+ l2, otherwise. (E2)

Note that 0 < j < ls. Since by is relatively prime to /1, there
exists a unique integer n1 such that 0 < nq < [y and

niby = 7+ kls —|—p2l% (mod l1) (E3)

Since

J+kly+pols <lp—1+ (lo— )la+ (q/la — 1)I3
=ly—14+((y =Dy =B +qly=1 —1 (E4)

it follows that

b
niby — VH I1 = j + kly + pal3. (ES)
Let
_nig+ k4t 4+ pals, ifp1 >u
"2 = { n1q+k+t+ 1+ pals, otherwise. (E6)
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If p1 > u, then by combining (E6) with (E1), one can show

that
7’L2b2 — n2b2 12 = (]C + t)bQ — M 12
Iy ly
=p1 — VIEJ lo = p1. (E7)
2
Hence
naly + nobs — {n?sz la
2
=(n1g+k +t+pala)la +p1
b )
=nqly + niby — \‘%J li+tls+p1—3j
1
=n1ly +n1by — \‘nlle Iy +s. (E8)
1

This provides a solution to (4.17). Similarly, if p; < u, one
can show that

noby = pr. (E.9)
Moreover
naly + noby — Vw—sz ls
Iy
=g+ k+t+1+pala)ls+pr
b .
=nili + n1b1 — {nl IJ Li+tla+pr—5+1
1
=n1ly + ni1by — \‘nlle l1 + s. (E10)
1

Therefore, this also provides a solution to (4.17).

Note that there are [» possible values for p; (and hence, lo
possible values for k) and ¢/l5 possible values for ps. For each
distinct (p1,p2) pair, the corresponding (n1,n2) solutions are
distinct. Hence, for any fixed s, there are at least ¢ solutions to
4.17) with0 < my < 7. O
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