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Abstract—In the paper, the asymptotic probabilistic behavior of systems stabilized by finite 

communication bandwidth feedback control is studied. The state orbits eventually converge to invariant 

intervals under the investigated finite bandwidth control laws. The optimal one-bit control laws that 

minimize either an asymptotic time-averaged expected cost function or an asymptotic expected cost 

function are derived. The asymptotic behavior of the closed-loop system is studied via invariant measures. 

The invariant distributions can be obtained from the induced matrix when the closed-loop system is a 

Markov transformation. It is shown that there are infinitely many cases of Markov transformations. 
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I. I!TRODUCTIO! 

INEAR systems under finite bandwidth control have received much attention from a diverse group of 

researchers [1-19]. A common underlying premise in this research area is that the information between the 

plant and the controller is communicated over digital channels with finite capacity. Various control 

algorithms employing memoryless [1,3-9,13,14,19] or memory-based [10-12,15] coding have been 

proposed and analyzed, with emphasis on system stabilization. A recent survey paper [18] provides an 

overview of major research efforts in this field. 

The overall objective of this paper is to understand the effect of controlling linear systems based on 

coded observations from a remote but accurate observer. For motivation, one can consider an earth-based 

vehicle which relies on a remote-sensing satellite for its coordinate measurements. The observation is 

optical based and can be assumed to be precise. The satellite informs the vehicle of its position via a digital 

communication channel with finite bandwidth. This paradigm is inherently different from a GPS system in 

which a vehicle can determine its coordinates from the triangulations of broadcast signals from multiple 

satellites. If the remote-sensing satellite has to support a large number of such vehicles simultaneously, the 

amount of communication bandwidth devoted to a single vehicle could be limited. As motivated by the 

concept of minimum attention control in [20], one can try to quantify the minimum amount of observation 

data rate needed for such a system to achieve a certain performance objective.  One can also analysis the 

system performance at a given observation data rate. 

 More specifically, we focus on scalar linear dynamic systems in this paper. The system state, including 

the initial state, is unknown to the system but perfectly known to a remote observer. The initial system state 

however is distributed according to a known, compactly supported distribution. Performance of the system 

is defined as the asymptotic norm square of the state trajectory averaged over either the initial distribution 

or the infinite time horizon. Control laws considered in this system are time-invariant, memoryless, and 

based on finite code-words from a remote precise observer. Moreover, the control laws are assumed to be 

piecewise constant. It is known that the state trajectory of such a closed-loop feedback system behaves 

chaotically in general; as a result, the dynamic behavior of the feedback system is studied here via invariant 

measures [27]. In particular, the following results are established: 

1. For systems employing single bit code-words at each sampling time and under the time-averaged 

performance index, the optimal law is derived. 

2. For systems employing single bit code-words at each sampling time and under the asymptotic 

performance index, the optimal control law is derived if the closed-loop feedback system defines a 

covering map. 

 L 
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3. It is difficult to compute the invariant distribution in general. However, when the close-loop feedback 

system describes a Markov transformation [24] one can compute the invariant distribution by means of a 

finite-dimensional matrix. It is established in this paper that there are infinitely many of such Markov 

transformations relating to the single bit code-word control model. 

 Part of the work reported here bears resemblance to the work reported in [1]. There are, however, major 

differences. In [1], the objective is to understand the effect of quantized state measurements on a feedback 

control law. In this paper, we analyze feedbacks control law based on finite observation code-words with 

an aim to understand their asymptotic performance. It should also be pointed out that in [6], an invariant 

distribution for a particular multivariable system with specialized system parameters was computed 

explicitly. The approach here is built upon general invariant measure theory of maps defined on intervals 

and hence applies to a broad class of scalar systems. Although the model considered in the current paper 

does not include state and observation noises, the analysis presented here provides a glimpse of the 

complexity of performing detailed analysis of finite bandwidth control systems and could serve as a 

reference point for future work that incorporates the effect of various types of noise processes. 

The rest of the paper is organized as follows: In Section II,  stabilizability analysis of a feedback system 

under a single bit control law is discussed. In Section III, the concept of invariant measures is described 

and the optimal 1-bit control laws are derived. Computation of invariant distributions is studied in Section 

IV. Numerical results are provided in Section V and concluding remarks are presented in Section VI. 

II. FEEDBACK SYSTEMS WITH FI!ITE ATTE!TIO! BIT CO!TROL LAW 

A. Problem Statement 

Consider the plant that can be described by a scalar discrete-time system 

1 0( ), ,

( ),

n n n

n n

x ax u z x

z xγ

+ = + ∈ =

�
 (2.1) 

where nx ∈�  denotes the system state, ( )u ⋅  represents the feedback control, and 1a> . The observation 

data are encoded into nz  by the function ( ) :γ ⋅ →� S , where S  denotes the codebook with a size 2k . The 

data is then transmitted over a digital channel by a k -bit codeword at each time instance. 

 If the remote observer has to support a large number of systems, the feedback data rate for a single 

system could be limited. Hence, it is of interest to understand the controllability of systems using small 

sized code-words. In the extreme case, one can consider single bit codewords. Given an integer k , a 
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natural question is to find the optimal coding scheme with 2kM =  codes and a corresponding control law, 

u , that minimizes either an asymptotic averaged expected cost function 

1
2

0

1
lim { }

n

ave k
n k

J E x
n

−

→∞ =
= ∑ , (2.2) 

or an asymptotic expected cost function 

2

exp lim k
n

J E x
→∞

= . (2.3) 

where the expectation is tanked with regard to the initial state pdf, 0f . These are known to be difficult 

problems in general. 

 Given a partition of the real line into 2M ≥ subintervals 1{ }Mi iR =  via the partition points, 

1 1Mc c −−∞< < < <∞� , consider a control function that is piecewise constant over the subintervals. 

Denote the control value in the subinterval 1[ , )i ic c−  by id , 1, ,i M= … .  The dynamical evolution of (2.1) 

can be described in terms of a closed-loop system represented by the following piecewise affine map: 

1 1

2 1 2

1

,

,
( )

.M M

ax d x c

ax d c x c
x

ax d c x

υ

−

 + −∞< < + ≤ <= + ≤ <∞

�
 (2.4) 

In this paper, we focus on the case where the inherent system is unstable, so that 1a> . Furthermore, we 

concentrate initially on feedback control law based on single bit code-words. For simplicity, we consider 

controllers that are essentially symmetric around the origin. So that the control functions are of the form: 

0,
( ) 0.

0,

d x
u x d

d x

− ≥= > <
 (2.5) 

B. Stability of 1-Bit Control Laws 

 In order to ensure the cost function is finite, it is clear that the system should be containable or practically 

stable under the feedback control law [3]. Therefore, the following is a necessary and sufficient condition 

for the cost function to be bounded for the optimal control: 

2a≤  (2.6) 

 In the following, we study the asymptotic behavior of the proposed single bit feedback control law. The 

closed-loop system defined by such a controller can be represented by an expanding piecewise affine map 
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0,
( ) 1.

0,

ax d x
x a

ax d x
τ

 − ≥= > + <
 (2.7) 

 An interval I  is said to be invariant under τ , if x I∈  implies ( )x Iτ ∈ . The following Lemma shows 

the existence of invariant intervals for τ . 

Lemma 2.1: For 1 2,a< ≤  the whole real line is partitioned into the three τ -invariant intervals, i.e., 

( , /( 1)),d a−∞ −  [ /( 1), /( 1)],d a d a− − − and ( /( 1), ).d a− +∞  In addition, the interval ˆ [ , ]J d d= − and 

the points { /( 1), /( 1)}d a d a− − −  are invariant with respect to τ . 

 The proof of this result is straightforward and is omitted. 

Denote the interval [ /( 1), /( 1)]d a d a− − −  by *I  and the set ˆ { /( 1), /( 1)}J d a d a∪ − − −  by *J . The 

following definition of stability from [11] is useful for subsequent discussions. 

Definition 2.1 [11]: Given two intervals J I⊆ , which are τ - invariant, τ  is said to be ( , )I J -stable if for 

every 0x I∈ , there exists 0 0n >  such that nx J∈  for every 0n n≥ . 

Lemma 2.2: For 1 2,a< ≤  τ  is * *( , )I J -stable. 

The proof of this result is straightforward and is omitted. 

 One can show that if *x I∉ , then ( )n xτ →±∞  as n→∞ . Let spt f  denote the support for a pdf f . If 

0f  is a piecewise continuous distribution density and if 
*

0spt f I⊄ , then there exists a small interval 

outside of *I  such that  *| ( ) |n Iτ →∞  as n→∞ . Hence, if the cost function is finite, then 

*
0spt f I⊆ . (2.8) 

III. I!VARIA!T DISTRIBUTIO!S A!D OPTIMAL SI!GLE BIT CO!TROL LAW 

From now on assume that the initial distribution 0f  is continuous and has a piecewise continuous 

density function. To analyze the dynamics of an expanding piecewise affine transformation one can resort 

to the idea of invariant measures. Let 1( , , )L I λB  be a normalized measure space with a Lebesgue measure 

λ  on an interval I, B  be the Borel field of I , and : I Iξ →  be a measurable nonsingular map. The 

Frobenius-Perron operator 1 1:P L Lξ →  is defined as follows [21]: For any 1f L∈ , P fξ  is the unique 

function in 1L  such that 

1( )A A
P f d f dξ ξ

λ λ−=∫ ∫  (3.1) 

for any A∈B . Denote the pdf corresponding to ( )n xξ  by nf , then 
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0
n

nf P fξ= . (3.2) 

A probability density *f  is ξ -invariant if and only if * *P f fξ =  almost everywhere. It is important to 

compute the invariant density function *f  since it describes the asymptotically dynamical behavior of the 

state orbit 0{ ( )}n
nxξ ≥ . Moreover, resorting to the idea of invariant measures, the optimal single bit control 

laws that minimize the cost functions defined in equations (2.2) and (2.3) are derived, respectively.  

Theorem 3.1: Given an initial distribution 0f  with compact support, the optimal control value 
*d  that 

minimizes the cost function 
1

2

0

1
lim { }

n

ave k
n k

J E x
n

−

→∞ =
= ∑  under the map τ  defined in (2.7) is 

* argmin
d

d =  such that * 0( ) spt I d f⊇ . (3.3) 

Proof: For the expanding piecewise linear transformation τ , it is shown in Theorem 1 [21] that 

1 *
00

1
lim 0

n k

k
n

P f f
n

τ
−

=→∞
− =∑ . Since τ  and its derivative have only one discontinuity point, it follows from 

Theorem 1 [22] that τ  has a unique invariant measure in 1L . Let ( )aveJ d  and *( )df x  denote the cost 

function and the invariant density related to the control value d , respectively. It can be shown that the 

invariant density functions *
1 ( )f x  and *( )df x  are related as follows: 

* *
1( ) (1/ ) ( / )df x d f x d= , x∈� . 

If the control value d  is set so that 0spt (( , /( 1)) ( /( 1), ))f d a d a∩ −∞ − − ∪ − ∞ ≠∅ , then by Lemma 

2.2, aveJ  is unbound. Hence to optimize aveJ , one has to set 0[ /( 1), /( 1)] spt d a d a f− − − ⊇ . We have 

1 1
2 2

0
0 0

1
2 2 * 2 *

0 1
0

11 12 2 * 2 2 2
1 01 1

0

1 1
( ) lim { } lim

1
( lim ) ( ) [(1/ ) ( / )]

1
( ) ( lim ) (1).

n n
k

ave k
n nk k

nd d dk
dd d dn k

n
k

ave
n k

J d E x x P f dx
n n

x P f dx x f x dx x d f x d dx
n

d x f x dx d x P f dx d J
n

τ

τ

τ

− − ∞

−∞→∞ →∞= =

−

− − −→∞ =

−

− − →∞ =

= =

= = =

= = =

∑ ∑∫

∑∫ ∫ ∫

∑∫ ∫

 (3.4) 

This implies that ( )aveJ d  can be minimized by choosing d  to be the smallest value satisfying the 

condition 0[ /( 1), /( 1)] spt d a d a f− − − ⊇ .                                                                           �  

For the asymptotic expected cost function 
2

exp lim k
n

J E x
→∞

= , results similar to Theorem 3.1 can be 

obtained when the map τ  is a covering. The concept of a covering map is defined as follows. 



 

 

7  

Definition 3.1 [9]: a map : I Iξ →  is said to be a covering, if for any open interval U I⊆ , there exists 

t ∈�  such that ( )t U Iξ = . 

The following definition introduces the concept of asymptotical stability of a Frobenius-Perron operator. 

Definition 3.2 [26]: Let Pξ  be a Frobenius-Perron operator corresponding to a nonsingular transformation 

: I Iξ → . Then { }nPξ  is said to be asymptotically stable if there exists a unique density function 
*f  such 

that * *P f fξ =  and *lim 0n

n
P f fξ

→∞
− =  for any 1f L∈ . 

 As stated in Lemma 2.1, τ  maps ˆ [ , ]J d d= −  to itself. By a slight abuse of notation, one can denote the 

map restricted to Ĵ  as τ . 

Theorem 3.2: Given an initial distribution 0f  with compact support, if τ  restricted to Ĵ  is a covering, the 

optimal control value *d  that minimizes the cost function 
2

exp lim n
n

J E x
→∞

=  is 

* argmin
d

d =  such that * 0( ) spt I d f⊇ . (3.5) 

Proof: Lemma 2.2 shows that τ  is * *( , )I J -stable when 1 2a< ≤ . Note that all trajectories starting in *I  

ends in Ĵ  with the exception of /( 1)d a− − and /( 1)d a −  which are fixed points of τ . Let 1{ }qi iI ==P  be 

a partition of the interval ˆ [ , ]J d d= − . For the covering map τ , denote m  the smallest integer such that 

ˆ( )m
iI Jτ = , 1, ,i q= … . As shown in Theorem 6.2.2 [26], the map ( )mP x

τ
 is asymptotically stable: 

* *
0 0lim lim 0m

k mk

k k
P f f P f fττ→∞ →∞

− = − = . (3.6) 

 For any 0 l m≤ <  this implies, 

*
0lim ( ) 0mk l

k
P P f fτ τ

→∞
− = . (3.7) 

For an integer n  in the form n mk l= + , this implies that { }nPτ  is asymptotically stable, that is, 

*
0lim 0n

n
P f fτ

→∞
− = . (3.8) 

Following this convergence result via the arguments in Theorem 3.1, we have 

2 2 2 *
exp 0 0

12 * 2 2 * 2 2 * 2
1 1 1 exp1

( ) lim lim ( )

[(1/ ) ( / )] ( ) ( ) (1).

d dn n
dd dn n

d

d

J d x P f dx x P f dx x f x dx

x d f x d dx d x f x dx d x f x dx d J

τ τ

∞

−∞ − −→∞ →∞

∞

− − −∞

= = =

= = = =

∫ ∫ ∫

∫ ∫ ∫
 (3.9) 
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This implies that expJ  can be minimized by choosing d  to be the smallest value satisfying the condition 

0[ /( 1), /( 1)] spt d a d a f− − − ⊇ .                                                                                            �  

Given there is a condition on τ  being a covering in Theorem 3.2, it is natural to ask how restrictive such 

a condition is. Proposition 3.1 partially addresses this question and is a slight modification of a theorem of 

Williams [27], adapted to the system considered here. 

Proposition 3.2: If 2a> , the map τ  is a covering over the interval Ĵ . 

Proof: Define an open interval ˆU J⊆ . Using the proof of Williams Theorem [27], one can show that there 

exists an integer k  so that the interval ( )k Uτ  finally contains either [0, )d  or ( ,0]d− . Assume that 

( ) [0, )k U dτ ⊇ . This implies 

1

2 2

( ) [ , ( )) [ ,0) [0, ( )),  and

( ) [ , ( )) [ ( ), ).

k

k

U d d d d

U d d d d

τ τ τ

τ τ τ

+

+

⊇ − = −

⊇ − −

∪

∪
 (3.10) 

The last union set is equal to [ , )d d−  if 2 ( ) ( )d dτ τ− − =  2 2 0a − > . This holds as 2a> . Similar 

arguments hold for the case ( ) ( ,0]k U dτ ⊇ − .                                                �  

 Note that Proposition 3.2 does not need to assume 2 ( ) 0dτ >  as stated in condition (iii) of William 

Theorem [27]. 

IV. COMPUTATIO! OF THE I!VARIA!T DISTRIBUTIO!S OF MARKOV TRA!SFORMATIO!S 

 In the preceding section, the optimal control values for single bit memoryless controllers have been 

characterized. To determine the value of the optimal cost achieved, one obvious approach is to first 

compute the invariant distribution for the corresponding closed-loop system, τ , defined in (2.7). General 

speaking, such a computing task is difficult. However, the computation can be greatly simplified if τ  is a 

Markov transformation, which is defined as follows: 

Definition 4.1 [24]: Let [ , ]I c e=  and : I Iξ →  be a piecewise linear map and let 1{ }qi iI ==P  be a finite 

partition of I  by the points 0 1 qc c c c e= < < < =� . For 1, ,i q= … , let 1( , )i i iI c c−=  and denote the 

restriction of ξ  to iI  by iξ . If iξ  is a homeomorphism from iI  onto some connected union of intervals of 

P , then ξ  is said to be a Markov transformation, and P  is a Markov partition under ξ . 

 Theorem 9.4.1 of [25] establishes that for an expanding piecewise linear Markov transformation, ξ , 

every ξ - invariant density function must be piecewise constant over the partition P . A function that is 

piecewise constant over a partition of I  can be represented by a row vector made up of the corresponding 
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constant values. Following the approach in [25], given a Markov partition P  defined by ξ  and a function 

f  that is piecewise constant over P , the action of the Frobenius-Perron operator, Pξ , on f  can be 

represented by a q q×  matrix Mξ  so that if 1( ,... )
f

qπ π π=  represents f , then P fξ  is represented by 

fMξπ . The element of the matrix, 1 ,( )ij i j qM mξ ≤ ≤= , is defined by [25]: 

1/ ' ( ( )) / ( ), 1 ,ij ij i i j im a I I I i j qξ λ ξ λ−= = ≤ ≤∩ , (4.1) 

where λ  denote the Lebesgue measure. It can be shown that the induced matrix Mξ  has the following 

properties (Theorem 9.3.1 [25]): Mξ  has 1 as the eigenvalue of maximum modulus; if Mξ  is also 

irreducible, then the multiplicity of the eigenvalue 1 is 1. Therefore, for a map, τ , corresponding to a 

Markov transformation with an irreducible Mξ , the invariant distribution can be uniquely determined via 

the eigenvector corresponding to the eigenvalue 1. Given this property, it is of interest to study conditions 

that guarantee τ  is a Markov transformation.  It is also of interest to know how common are such Markov 

transformations as one varies parameter a  in system (2.7). In this section it is shown that there are indeed 

infinitely many such τ 's. 

 For each 1n≥ , the partition nP  under the map τ  is defined as follows [28]: 

0 1

1
1 1

0
( ) { ( ) ( ) : }.

n j

n
n k n

i i i i
k

I I I Iτ τ τ
−

− − − +

=
= ∨ ∈	 ∩ ∩…∩P P P  (4.2) 

Let Q  denote the set of partition points of P , and define nQ  as 
1

0
( )

nn k

k
τ

− −
==∪Q Q . It can be shown that 

nQ  is the set of partition points of nP . The endpoints of a Markov partition must be invariant under τ . 

The following definition of a Markov partition is adopted from [28]. 

Definition 4.2 [28]: A partition 1{ }qi iI ==P  is a Markov partition of order 1r>  if r rτ ⊆(Q ) Q  and 

1 1r rτ − − ≠∅(Q ) \ Q . 

 One method of generating a Markov partition of order 1r>  is to start with a simple initial partition and 

investigate the action of iτ  on it. For the initial partition {[ ,0),[0, ]}d d−P = , it was shown in [28] that P  

is a Markov partition of order 1r>  if and only if r  is the smallest integer such that 

( ) 0r dτ ± = . (4.3) 

From this observation, it was proven in [28] that a necessary and sufficient condition for τ  to be a Markov 

transformation of order 1r>  is that the parameter a  is a root to a polynomial of the form 
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1

1
( 1) 2 ( 1) 1 0m i

ms sm i

i
a a

+
=− − − − =∑ , (4.4) 

where 0 0s = , 1i i is s v−= + , 1,...,i m= , and v is a vector of positive integers, 1 2[ , ,..., ]mv v vv = , with 

i mv v≤ , such that m  satisfies 
1

m

ii
v r= =∑ . (The last equation has some slight discrepancy with the 

original formulation in [28].) Although it has been pointed out in [28] that there can be at most countably 

infinite solution to (4.4), not much is known about the nature of these solutions.   

 In this paper, a constructive proof is presented identifying infinite families of Markov transformations, 

where each family contains infinitely many cases of Markov transformations, all contained within the 

range 1 2a< < . To facilitate the discussion, a few basic lemmas are required. 

 For 1i≥ , define the polynomial 1( ) 2 1i i
if x x x+= − + . It follows that 1( ) ( 1) 2i i

if x i x ix −′ = + − . It is 

clear that any ( )if x  has at least one real root, 1x= . 

Lemma 4.1: For 2i≥ , the largest real root iα  of ( )if x  satisfies the conditions: 

1. 11 2i iα α−< < < .  

2. i
i iα > . 

3. For ix α≥ , ( ) 0if x′ > , and ( ) 0if x >  for ix α> . 

(4.5) 

Proof: See Appendix A. 

 Let 
( ) 1

( )
1 1

i
ii

i

f x x
g x x

x x

−
= = −

− −
. It is clear that iα  is a real root of ( )ig x . The following result is needed 

for subsequent discussion. 

Lemma 4.2: Suppose 2i≥ . For ix α> , ( ) 0ig x > . For ix α≥ , ( ) 0ig x′ > . 

Proof: See Appendix B. 

 Consider now the map ( )i
a xτ  restricted to [ , ]d d− . 

Lemma 4.3: Suppose 0d >  and ( ) 0j
a dτ >  for 1, , 1j i= −… , then 

1 2( ) [ ( 1)] ( )i i i i
a id a a a d g a dτ − −= − + + + =… . (4.6) 

The proof is straightforward and is omitted. 

Proposition 4.1: For 
ia α= ,  

1 21 2α α α∞≤ < < < =� , the close-loop maps, 
aτ  restricted to [ , ]d d−  

are Markov transformations. 

Proof: For 1i= , the claim is obvious. For 1i> , one can show by induction by using Lemma 4.1, 4.2, and 

4.3 that 
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1 2( ) [ ( 1)] ( ) 0
i

i i i i
i i i i id d g dατ α α α α− −= − + + + = =… . (4.7) 

 Hence, an infinite family of Markov transformations can be constructed. The inequality 

1 21 2α α α∞= < < < =�  (4.8) 

follows from Lemma 4.1.                                                                                                          �  

 Fig. 1 illustrates three cases of 
iα
τ . Fig. 1(a) shows the case of 1 1α = . Fig. 1(b) shows the case of 

2 (1 5) / 2α = + . The fact that these define Markov transformations is well-known. Fig. 1(c) depicts a 

general case of 
iα
τ  for iα  when 3i≥ . 

 

   

(a) 

 

(b) 

 

(c) 

Fig. 1. Orbits of ( )
i
dατ : (a) 1 1α = ; (b) 2 (1 5) / 2α = + ; (c) iα  for 3i> . 

  

The set of Markov transformations is of course much more complex than the set 1{ , , }α α∞… . In fact, it 

will be shown that in the interval 1( , )i iα α + , for any 1i≥ , there are infinite many cases of Markov 

transformations. To facilitate subsequent discussions, define a sign sequence for an orbit as follows. Let 

  

if 0,

sgn( ) if 0,

0 if 0.

x

x x

x

+ >= − < =

 (4.9) 

The sign sequence for the orbit of x  under aτ  is defined as: 

( ) ( ){ }2sgn( ),sgn ( ) ,sgn ( ) ,a ax x xτ τ … . (4.10) 

Remark 4.1: It has been pointed out { /( 1), /( 1)}d a d a− + +  are fixed points under aτ . It is easy to verify 

the following result. 

Lemma 4.4: (i) ([0, /( 1)) [ , /( 1)]a d a d d aτ + = − − +  and ([ / , /( 1)]) [0, /( 1)]a d a d a d aτ − − + = + . 
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(ii) For 0 /( 1)x d a≤ < + , ( ) /( 1)a x d aτ <− + , 2 ( )a x xτ < . 

(iii) If 0 /( 1)x d a ε≤ < + − , 0ε ≥ , then 2 2( ) /( 1)a x d a aτ ε= + − . 

Proof: See Appendix C. 

Lemma 4.5: For any 1i ≥ , there exists a unique iβ , such that 1i i iα β α +< <  and  

( ) 1/( 1)i i ig β β= + . (4.11) 

Moreover, ( ) 1/( 1)i ig x β> +  for 1( , ]i ix β α +∈ , ( ) 1/( 1)i ig x β< +  for ( , )i ix α β∈ . 

Proof: See Appendix D. 

 The point /( 1)id β +  has the special property that it is mapped to /( 1)id β− +  by 
iβ

τ ; both points are 

fixed under 2

iβ
τ . 

Proposition 4.2: For any integer 2i ≥ , there exists an ( ,1)iω , ( ,1) ( , )i iiω α β∈ , such that the sign sequence 

for the orbit of d  under ( ,1)iωτ  is  

1

{ , , , , , , ,0, }

i+

+ + + + + −… …
�������������
 . 
(4.12) 

In other words, 2

( ,1) ( ) 0i

i dωτ
+ = . Moreover, 2 ( ) 0i

x dτ + >  for ( ( ,1), ]ix iω β∈ . 

For any integers 2j ≥ , 1i ≥ , there exists an ( , )i jω , ( , 1) ( , )i ii j i jα ω ω β< − < < , such that the sign 

sequence for the orbit of d  under ( , )i jωτ  is 

1 2

{ , , , , , , , , , , , ,0 , }

i j+

+ + + + + − + − + −… … …
�������������
 
���������������
 . 
(4.13) 

In other words, 2

( , ) ( ) 0i j

i j dωτ
+ = . Moreover, 2 ( ) 0i j

x dτ + >  for ( ( , ), ]ix i jω β∈ . 

Proof: See Appendix E. 

 When 
1( , ]i ix β α +∈ , the inequality in Lemma 4.4 (ii) is reversed in the sense that 

2 ( )a x xτ > . (4.14) 

In other words, 2

( , ) ( ) 0i j

i j dζτ
+ = . Moreover, 2 ( ) /( 1)

i

i
id dβτ β+ = +  and for x  arbitrarily close to 1iα + , 

1

2 ( )
i

i dατ +

+  is arbitrarily close to d , so using arguments shown previously, there exists an 1( , )i ix β α +∈  so 

that 2 ( ) /i
x d d xτ + =  and 3( ) 0i

x dτ + = . In general, one can establish the following result: 

Proposition 4.3: For any integers 1i ≥  and 1j≥ ,  there exists an ( , )i jζ , 
1( , 1) ( , )i ii j i jβ ζ ζ α +< + < < , 

so that the sign sequence for the orbit of d  under ( , )i jζτ  is 
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1 2 1

{ , , , , , , , , , , , , ,0 , }

i j+ −

+ + + + + − + − + − +… … …
�������������
 
�����������������
 . 
(4.15) 

In other words, 2

( , ) ( ) 0i j

i j dζτ
+ = . Moreover, 2 ( ) 0i j

x dτ + <  for [ , ( , ))ix i jβ ζ∈ . 

The proof is similar to that of Proposition 4.2 and the details are omitted. 

  

(a) 

 

(b) 

d0 d/a-d/a-d

 

(c) 

Fig. 2. Orbits of ( )x dτ  for value of x  near 2 : (a) 1 2β = ; (b) 1 1(1,2)α ω β< < ; (c) 1 2(1,2)β ζ α< < . 

Fig. 2 illustrates the behavior of (1,2)ωτ   and (1,2)ζτ . Fig. 2(a) shows the case of 1 2β = . Fig. 2(b) 

shows the case of 1 1(1,2)α ω β< < . Fig. 2(c) illustrates the case of 1 2(1,2)β ζ α< < .  

When τ  is not a Markov transformation there is no simple approach to compute the invariant 

distribution. In [23], an approximation approach was proposed by using the eigenvector of a certain matrix. 

A different method is presented in [24] which shows that an expanding piecewise linear map τ  can be 

approximated by a sequence of piecewise linear Markov transformations whose invariant densities 

converge to the invariant density of τ . Construction details of the piecewise linear Markov approximation 

sequence can be found in [24]. 

V. !UMERICAL EXAMPLES 

 In this section, several examples are given to illustrate the computation of the invariant density when the 

map τ  defined in (2.7) is a Markov transformation. Assume that the initial state is distributed in the 

interval [ 1,1]− . The optimal 1-bit control law is obtained by setting 1d a= − . When 2a< , the trajectory 

0{ ([ 1,1])}n
nτ ≥−  converges to the interval [ , ]d d− . Consider the equation 6 5 4 3 2x x x x x x− − + − −  

1 0+ = , which has a real root c  such that 1.556030c≈ . Given the initial partition {[ ,0),[0, ]}d d−P = , 

P  is a Markov partition of order 6r= . The induced matrix Mτ  associated with the partition is 
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Fig. 3. The invariant density function for c  ( 1.556030c≈ ). 

 

T

0  0  0  1 0  0  0  0 0  0  0  0

0  0  0  0 1  1  0  0 0  0  0  0

0  0  0  0 0  0  1  0 0  0  0  0

0  0  0  0 0  0  0  1 1  1  0  0

0  0  0  0 0  0  0  0 0 0  1  0

0  0  0  0 0  0  0  0 0 0  0  11
M =

1  0  0  0 0  0  c
τ

0  0 0  0  0  0

0  1  0  0 0  0  0  0 0  0  0  0

0  0  1  1 1  0  0  0 0  0  0  0

0  0  0  0 0  1  0  0 0  0  0  0

0  0  0  0 0  0  1  1 0  0  0  0

0  0  0  0 0  0  0  0 1  0  0  0

 
 
 
 
 
 
 
 















 


















. 

 The invariant density function is related to the left eigenvector of Mτ  and is shown in Fig. 3. Note that 

c  is also a root of the polynomial: 

7 6 4 3 6 5 4 3 22 2 2 2 1 ( 1)( 1) 0.a a a a a a a a a a a a− + − + − = − − + − − + − =  

In view of the notation stated in (4.4), one can show that [1, 2,1, 2]=v , [1,3,4,6]=s , 4m=  and 6r= .  

The sum of the components of v  is equal to 6. 

It is shown in Lemma 4.5 that, for any 1i ≥ , there exists a unique iβ  such that 1i i iα β α +< <  and there 

exist infinitely many Markov transformations in the left and the right neighborhoods of 
iβ . It is hence of 

interest to study the invariant distribution when the system parameter is close to iβ . In particular, consider 

the case 1 2 1.4142β = = … , which is a root of the equation 2 1 1a − = . The corresponding Markov 

partition has 4 elements: 1 1 1 1{[ , /( 1)),[ /( 1),0),[0, /( 1)],( /( 1), ]}d d d d d dβ β β β− − + − + + + . The induced  
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Fig. 4. The invariant density function for 1 2β = . 

  

Fig. 5. The invariant density functions for 1.4142a =  (solid line) and 1 2β = . 

matrix Mτ  associated with the partition is 

1

0  0  1  0

1  0  0  11
M =

1  0  0  1

0  1  0  0

τ
β

 
 
 
 
 
 
 
 

. 

Fig. 4 shows the invariant density function for this case. The Figures 3 and 4 are obtained from exact 

computation via Markov transformations. As a comparison, we investigate the invariant density function 

via computer simulations for a case close to 
1 2β = . The invariant density function for 1.4142a =  is 

depicted with solid line in Fig. 5, where the invariant distribution for 1β  obtained via exact computation 

is plotted by dash-dot line. The invariant density function for 1.4142a =  was obtained as the histogram 
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of a trajectory via computer simulations. The initial state is chosen from a uniform distribution over the 

interval [ 1,1]− , and the trajectory of the initial state under the map τ  was generated for 1000,000  

iterations. The simulation results appear to be close to those obtained by numerical computation. 

VI. CO!CLUSIO! 

This paper analyzes the probabilistic dynamical behavior of control systems under finite communication 

bandwidth feedback. Based on single bit observations, optimal control laws that minimize asymptotic 

expected cost function or time-averaged expected cost function are derived. Computation of the invariant 

distribution is investigated when the map under consideration is a Markov transformation. It is shown that 

there exist infinite families of solutions such that the resulting closed-loop systems are Markov 

transformations. As an extension of the problems defined here, it would be of interest to consider models 

with state and observation noises. 
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APPE!DIX 

A. Proof of Lemma 4.1 

 Proof is by induction. The case for 2i =  can be verified by direct checking.  Assume that the statement 

is true for i up to 1j− .  It follows that 

1 1
1 1 1 1 1 1 1( ) 2 1 ( 2 1) 1 0j j j j

j j j j j j j jf α α α α α α α+ −
− − − − − − −= − + = − + − + < . (A1) 

On the other hand ( ) 1jf x ≥  for 2x≥ .  So the largest real root of ( )jf x , jα , lies in the interval 

1 2j xα − < < . Moreover, 

1 1 10 2 1 ( 1) /( 1) 1j j j j j
j j j j j j jα α α α α α+ − −= − + ⇒ = − − = + + >� . (A2) 

From this, one can show 

1 1( ) ( 1) 2 ( 2 1) 0j j j j j
jf x j x jx j x x x j− −′ = + − = − + + − > , (A3) 

for jx α≥ . Hence,  ( ) 0jf x >  for jx α> .                                                                                     �  

B. Proof of Lemma 4.2 
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The fact that ( ) 0ig x >  for 1ix α> >  follows from Lemma 4.1. Note that this implies, 

1( ) 1.i ix x x−− + + >�  (B1) 

On the other hand, one can show that for ix α≥  

1 2

1 2 1

( ) [( 1) 1]

[ ( 1)] [ ( )] .

i i

i

i i i i

g x ix i x

i i
i x x x x x

x x

− −

− − −

′ = − − + +

> − + + = − + + >

�

� �
 (B2) 

                                                                                                                                                                  �  

C. Proof of Lemma 4.4 

 Part (i) is straightforward. For (ii) note that since 0
1

d
x

a
< <

+
, ( ) 0

1
a

d
x ax d

a
τ = − <− <

+
. Hence, 

2
2 2( ) ( 1) 0

1 1
a

a d d
x a x ad d d a

a a
τ = − + ≥ − − = >

+ +
. 

2 2( ) ( 1)[( 1) ] 0a x x a x ad d x a a x dτ − = − + − = − + − < . 

(iii) can be verified by direct checking.                                                                                        �  

D. Proof of Lemma 4.5 

Proof: Define ( ) ( ) 1/( 1)ih x g x x= − + . This is a continuous function for ix α≥ . Moreover, 

( ) 1/( 1) 0i ih α α= − + <  and 

1

1 1 1

1 1 1

( ) ( ) 1/( 1)

( ) / 1/( 1) 1/ 1/( 1) 0.
i

i i i

i

i i i

h g

d dα

α α α

τ α α α
+

+ + +

+ + +

= − +

= − + = − + >
 (D1) 

The last equality follows from the fact that 
1 1

1

10 ( ) ( )
i i

i i

id d dα ατ α τ
+ +

+

+= = − .  By the Mean Value Theorem 

there exists a iβ , 1i i iα β α +< < , satisfying (4.11). It follows from Lemma 4.2 that for ix α≥  

2

1
( ) ( ) 0

( 1)
ih x g x

x
′ ′= + >

−
. (D2) 

Hence, iβ  is uniquely defined.                                                                                                         �  

E. Proof of Proposition 4.2 

Proof is by induction. First, for 2i ≥  one shows the existence of ( ,1)iω  satisfying the statement of 

Proposition 4.2. 
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To prove this, recall that ( ) ( ) /( 1)
i

i
i i id dg dβτ β β= = + . For [ , ]i ix α β∈ , 2 ( )i

x dτ +  is a continuous 

function in x  of the form 

2 2 2( ) ( ( )) ( ) ( 1)i i i

x x x xd d x d x dτ τ τ τ+ = = − − . (C1) 

By (C1) or the comments after Lemma 4.5, one can show that 2 ( ) /( 1) 0
i

i

id dβτ β+ = + > . (C1) also 

implies 2 ( ) ( 1) 0
i

i

id dατ α+ =− − <  since 2i ≥ . The existence of ( ,1)iω  satisfying 2

( ,1) ( ) 0i

i dωτ
+ =  is then 

guaranteed by the Mean Value Theorem. Since 2 ( )i

x dτ +  is a polynomial in x  in [ , ]i iα β , one can select 

( ,1)iω  so that 2 ( ) 0i

x dτ + >  for ( ( ,1), ]ix iω β∈ . (For 1i = , 2 ( )i

x dτ + >0 in the interval 1 1( , ]α β , explaining 

why this case is different.)  

For any 2i ≥ , assume now that for any k  with 1j k> ≥ , ( , )i kω  satisfies the statement in Proposition 

4.2. One claims that this implies the existence of ( , )i jω  satisfying the statement of Proposition 4.2. Recall 

that 

( ,1) ( , 1)i ii i jα ω ω β< < < − <� . (C2) 

On the other hand, for any [ ( , 1), ]ix i jω β∈ −  

0 ( ) /( 1)i

x d d xτ< ≤ + . (C3) 

The second inequality follows from Lemma 4.5, while the first inequality follows from Lemma 4.2 since 

( , 1)i i jα ω< −  according to (C2).  It follows from Lemma 4.4 that 

2 ( ) ( ) /( 1)i i

x xd d d xτ τ+ < ≤ + . (C4) 

Since ( ,1)x iω> , by induction assumption, 

20 ( )i

x dτ +< . (C5) 

One can repeat this argument to show: 

2 2 20 ( ) ( ) ( ) /( 1)i j i i

x x xd d d d xτ τ τ+ − +< < < < ≤ +� . (C6) 

By Lemma 4.4(i), it follows that the function 2 ( )i j

x dτ +  is of the form 

2 2 2 2 2 2 2( ) ( ( )) ( )i j i j i j

x x x xd d x d xd dτ τ τ τ+ + − + −= = − + . (C7) 

Hence, 2 ( )i j

x dτ +  is continuous on [ ( , 1), ]ii jω β− . Note that 

2 2( ) ( ( )) ( ) 0
i i i i

i j j i id d dβ β β βτ τ τ τ+ = = > . (C8) 
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Since 2 2

( , 1) ( ) 0i j

i j dωτ
+ −

− = , (C7) implies 

2

( , 1) ( ) ( 1) 0i j

i j d x dωτ
+

− =− − < . (C9) 

The existence of ( , )i jω  satisfying 2

( , ) ( ) 0i j

i j dωτ
+ =  is guaranteed by the Mean Value Theorem. Since 

2 ( )i j

x dτ +  is a polynomial in x  in the interval [ ( , 1), ]ii jω β− , one can select ( , )i jω  so that 2 ( ) 0i j

x dτ + >  

for ( ( , ), ]ix i jω β∈ .  This completes the proof of the stated claim. 

 The case for 1i=  can be proven in a similar way and details are omitted.                                    �  


